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Abstract. Let A" be a smooth projective i?-scheme, and let R be an etale Z- 
algebra. As constructed by Hesselholt, we have the absolute big do Rham-Witt 
complex WC^f °f X at our disposal. There is also a relative version Wfi^ ; z 
that is characterized by the vanishing of the positive degree part in the case 
X = Spec(Z). In this paper we study the hypercohomology of the relative (big) 
de Rham-Witt complex of X. We show that it is a projective module over the 
ring of (big) Witt vectors of R, provided that the de Rham cohomology is 
torsion-free. In addition, we establish a Poincare duality theorem. Our results 
rely on an explicit description of the relative de Rham-Witt complex of a 
smooth A-ring, which may be of independent interest. 



Introduction 

Let X be a scheme over a perfect field k of characteristic p > 0. The de Rham- 
Witt complex W£l* x / k was defined by Illusie jI1179] relying on ideas of Lubkin, Bloch 
and Deligne. It is a projective system of complexes of W(k)-modu\es on X, which 
is indexed by the positive integers. If X is smooth then the hypercohomology of 
W n Q,x/k a dmits a natural comparison isomorphism to the crystalline cohomology 
of X with respect to W n (k). 

Langer and Zink have extended Illusie's definition of the de Rham-Witt complex 
to a relative situation, where X is a scheme over Spec(i?) and R is a Z( p )-algebra 
|LZ04| . If p is nilpotent in R and X is smooth, then they construct a functorial 
comparison isomorphism 

H*(X, W n Q x/R ) S H* crys (X/W n (R)). 

The big de Rham-Witt complex Wtt x was introduced by Hesselholt and Madsen 
HMuT]. The original construction relied on the adjoint functor theorem and has 
been replaced by a direct and explicit method due to Hesselholt Hcs . The big 
de Rham-Witt complex makes sense for arbitrary schemes hence we may consider 
schemes over more general bases than Spec(Z( p )). Again, it is a projective system 
of graded sheaves [S M> Ws^x] ° n X, but the index set consists of finite truncation 
sets; that is, finite subsets S of N>o having the property that whenever n <E S, all 
(positive) divisors of n are also contained in S. 

For the ring of integers, Wf2J has been computed by Hesselholt [Hesj . It vanishes 
in degree > 2, but Wf^ is non-zero. In this paper we will consider the relative 
version Wf2^y z of the de Rham-Witt complex, which is constructed from Wf^ by 
killing the ideal generated by Wf2|. The relation with the de Rham-Witt complex 
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of Langer-Zink is given in Proposition 12.3.41 

W{i,p,..., p »-i}flx/z ® = W„fi^ Z(jj)/Z(p) . 
Our purpose is to show that the de Rham-Witt cohomology 

H* dRW (X/R) s = H*(X,W S n* x/z ) 

is as well-behaved as the usual de Rham cohomology. The main theorem of the 
paper is the following. 

Theorem 1 (cf. Theorem 13. 3.1)) . Let R be an etale Z-algebra. Let X be a smooth 
and proper R-scheme. Suppose that the de Rham cohomology H dR (X/R) of X is 
torsion-free. Then H* (X ,W S^x/z) * s ^ finitely generated projective Ws{R) -module 
for all finite truncation sets S . 

The flatness of H*(X, Ws^* x /z) 1S n °t evident. For example, the Witt vector 
cohomology H*(X, W^Ox), for dimX > 1, is not a flat Ws(i?)-module in general. 

In order to prove Theorem [T] we will construct for all maximal ideals m of R 
and n, j > 0, a natural (quasi) isomorphism: 

RT(w {1:p _ pn - 1} n x/z ) ®^ n(R) w n (R/m?) ^ Rr(w n n X0R/mi/{R/mj) ), 

where p = char(i?/m). The right hand side is RT of the de Rham-Witt complex 
defined by Langer and Zink. Thus it computes the crystalline cohomology, which 
in our case is a free W n (R /m^-module. Taking the limit hni ., this will yield the 
flatness of 

H*(X,W {hp _ pn -i } n* x/z ) ® Wn(R) W n QpnR/m j ) 

j 

as W n (]^m. i?/m J )-module, which is sufficient in order to prove the flatness of the 
de Rham-Witt cohomology. 

Concerning Poincare duality we will show the following theorem. 

Theorem 2 (cf. Corollary 14. 3. 3| . Let R be an etale Z-algebra. Let X be a smooth 
projective R-scheme such that H dR {X/R) is torsion-free. Suppose that X is con- 
nected, and set d := dim — 1. If the canonical map 

H dR [X/R) -+ Kom R (H 2 dR -*(X/R),R) 

is an isomorphism, then the same holds for the de Rham- Witt cohomology: 

H dRW (X/R) s ^ Rom Ws(R) (H 2 dR ^(X/R) s ,Ws(R)) 
for all finite truncation sets S . 

In fact, de Rham-Witt cohomology is equipped with a richer structure than the 
W(i?)-module structure, coming from the Frobenius morphisms 

4>n ■ H* dRW {X/R) s -> H dRW (X/R) S /n, 

for all positive integers n, and where S/n := {s G S ns G S}. These are Frobenius 
linear maps satisfying <f> n o (f> m = <f> nm . 

The relationship with the Frobenius action on the crystalline cohomology of the 
fibers is as follows. Let m be a maximal ideal of R, set k — R/m and p = char(fc). 
If H dR (X j R) is torsion- free then there is a natural isomorphism 

4fCT{W'} ®w„(«) W n (k) <* Hi ys (X ® R k/W n {k)), 
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and 4> p (g> F p corresponds via this isomorphism to the composition of -ff* r?/s (Frob) 
with the projection. 

As will be made precise in Section^ the projective system H dRW (X/ R), together 
with the Frobenius morphisms {4> n } n< zn >0 , defines an object in a rigid 0-category 
Cr. Maybe the most important property of Cr is the existence of a conservative, 
faithful 0-functor 

T:C R ^ (i?-modules), T(H dRW (X/R)) = H dR (X/R). 

Moreover, Cr has Tate objects l(m), m £ Z, and the first step towards Poincare 
duality will be to prove the existence of a natural morphism in Cr: 

Hj d RW (X/R) -> l(-d) (d = dimX - 1). 

Then it will follow easily that 

H dRW (x/R) ^ Eom(H 2 d d Rw(x/R), l(-d)), 

provided that the assumptions of Theorem [2] are satisfied. Taking the underlying 
W(i?)-modules one obtains Theorem [5J 

All our results are based on an explicit description of the de Rham-Witt complex 
Ws^ A / z for a A-ring A that is a smooth Z-algebra. Our main example is the 
polynomial ring A = Z[xi, . . . , Xd\- For i > and n 6 N>o, define 

^A/z( n ) — 71 ' ^A/Z + ^A/Z C ^A/Z- 

We will show that 

w s ^ A/z = n & A /zw- 

Moreover, the differential d : Ws^ A / z — > ^s^a/z corresponds to the product of 
the maps n~ 1 d : VL l A ^(n) — > fl^^n). Finally, the Frobenius morphisms may be 
described explicitly in terms of the Adams operations of A. 

Acknowledgements. After this manuscript had appeared on arXiv, we received 
a letter from professor J. Borger who informed us that he had already obtained 
Theorem [1] in collaboration with M. Kisin by using similar methods. 
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1. Witt vectors 

In this section we give a brief review of Witt vectors where we follow Hes, §1]. 
Moreover, we prove some simple corollaries of the Theorem of Borger and van der 
Kallen (Theorem ll.0.14j) that will be used in the following sections. 

1.0.1. A subset S C N = {1, 2, . . . } is called a truncation set if n £ S implies that 
all positive divisors of n are contained in S. Let A be a commutative ring. For all 
truncation sets S we have the ring of Witt vectors Ws(A) at our disposal. As a 
set we have Ws(A) = lines ^ ( w0 s °t ^Vi(A) = {0}), and the ring structure on 
Wg(A) is such that the following two properties hold: 

• The ghost map 

gh = (gh n ) neS : W S (A) -»• J[ A 

nes 

gh n ((a s ) seS ) ■= ^2 d ' a d 

d\n 

is a ring homomorphism, where the target of gh has the product ring struc- 
ture. 

• For a ring homomorphism p : B — > A, the map 

JJ B = W S (B) -> W S (A) = Y[A 
ses ses 
{b s ) seS i y (p(b s )) seS 

is a ring homomorphism. We denote this morphism by Ws (p) or simply p. 

1.0.2. The ring Ws(A) is commutative. For us the most important case will be 
when A is flat over Z. Then the ghost map is injective and we can think of Ws(A) 
as a subring of lines A. 

For an inclusion T C S of truncation sets, the map ttt ■ Ws(A) — > Wt(A) given 

by 

is a ring homomorphism. 

1.0.3. For a truncation set S and n £ N we denote by S/n the truncation set 
defined by 

S/n := {s £ S | ns £ S}. 
There is a functorial morphism of rings 

F n : W S (A) -> W S / n (A), 
called the Frobenius, such that 

gh s o F. ' n = gh sn , for all s £ S/n. 
For positive integers n,m we have (S/n)/m = S/nm = (S/m)/n and 

Fm Q F n — F nm = F n o Ffyi . 
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For an inclusion T C S of truncation sets, the following diagram is commutative: 
(1.0.1) W S (A)— ^W s/n (A) 

"T/n 

Wt(A)- ^W t/ „(4). 

1.0.4. For a truncation set 5 and n G N, the map 

V„:W s/n (A)->W s (A), 

if n f s, 



(K((at) ie s/n)) s := 



a s/n if n | s, 



is a morphism of Ws(A)-modules, where the source is a Ws(j4)-module via F n . 
This means that 

V n (F n (a) ■ b) = a ■ V n {b) 
for all a G W S (A) and b G W s/n (A). 



Furthermore, satisfies 



" • ff^s/n if n | s, 
otherwise, 



for all s £ S. Again, for positive integers n, m, the equality V n oV m — V nm = V m oV n 
holds. For an inclusion of truncation sets T C S the diagram analogous to (|1.0.1[) 
is commutative. 

1.0.5. For all n G N we have 

F n o V n = n, 

that is, F n oV n equals multiplication with n. Note that V n oF n is multiplication with 
V n (l), and V n {l) ^ n in general (e.g. A = Z), so that F n and V n don't commute. 
However, if n,m are positive integers such that (m,n) = 1, then 

F„ o V m = V m o F n ((m, n) = 1) 

considered as morphisms Ws/ m {A) —> Wg/ n (j4). 

1.0.6. Teichmiiller map. For all non-empty truncation sets 5 we define the map 

[-] : A -> Ws(A), ahf[o] := (a, 0,0,...) £ JJ A = W S (A). 

ses 

The element [a] is called the Teichmiiller representative of a. The following prop- 
erties hold: 

• For all a,b£ A: [ab] = [a] ■ [&]. Moreover, [1] = 1 and [0] = 0. 

• For all a G A and neN: F n ([a]) = [a n ]. 

If S is a finite truncation set then every element a G Ws(A) can be uniquely 
written as 

a = ^2V 3 ([a s }) = (a s ) seS - 

sES 
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Proposition 1.0.7. Let A be a ring, and let T C A be a multiplicative set. Let S be 
a finite truncation set. We can consider T via the Teichmiiller map as multiplicative 
set in Ws(A). The natural ring homomorphism 

T^WsiA) -> WsiT^A). 

is an isomorphism. 

Proof. We can reduce to the case T = {1, t, t 2 , . . . }. Let us prove the injectivity 
first. Suppose that a = J2seS ^([ a «D e Ws(A) is such that its image in Ws(T _1 A) 
vanishes. This means that the image of a s in T~ X A vanishes for all s G S. Fix 
n > 1 with t n a s = for all s£S. We compute in W S (A): 

[t n }-Y,V s ([a s }) = J2v s (F s ([t n })-[ as ]) 

ses ses 

ses 

= 5> s (r s a s ]) = 0. 

ses 

This proves the injectivity. For the surjectivity we can write every a G Ws(T~ 1 A) 
as a — J2ses with a s G A and some n. Therefore a = [t]~ n -J2 s es ^s([ a s])' 

and is contained in the image of T -1 Ws(^4). □ 

1.0.8. Let S be a truncation set, and let n be a positive integer; set T := 5\{s G 
S 1 ; n | s}. Then T is a truncation set. We have a short exact sequence of Ws(A)- 
modules: 

(1.0.2) -> W S/ „(A) W S (A) ^> W T (A) -> 0. 

Lemma 1.0.9. Let T <Z Z, be a multiplicative set. Let A be a ring, and let S be a 
finite truncation set. Then 

W S (A) ® z T _1 Z -> WsiT^A) 

is an isomorphism. 

Proof. As a first step we need to show that every t G T is invertible in Ws(T~ 1 A). 
For this we certainly may assume that A = Z. Thus we have to prove that 

(t-\t-\t- 1 ,...)egh(W s (T- 1 Z)). 

This follows from the Dwork Lemma |Hes| Lemma 1.1] with <p p being the identity 
for all primes p. 

Now that we have a well-defined map, we can use the short exact sequence (jl.0.2[) 
to prove the proposition by induction on the length of S. □ 

1.0.10. We denote by W(A) the ring Wn(-A). There is a unique ring homomor- 
phism 

A : W(A) -> W(W(vl)), 
such that gh n o A = F n for all positive integers n [Res, Proposition 1.18]. 
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Definition 1.0.11. [Hell Definition 1.20] A A -ring is a pair (A, Xa) of a ring and 
a ring homomorphism Xa ■ A — > W(A) such that the following diagrams commute: 

A-^-W(A) A ^W(A) 



id 



r {i} A/ 



A 



W(A) -^-^ W(W(A)). 



We denote the ring endomorphism g/i„ o Xa of A by ip n , and call it the nth 
associated Adams operation. 

Lemma 1.0.12. Let A be a X-ring. The following holds. 

(i) For all positive integers m,n: ip m o tp n = ip mn . Moreover, %p\ = id a- 

(ii) For all primes p and all a G A: ijjp(a) = aP mod pA, i.e. ip p is a lifting of 
the absolute Frobenius. 

Proof. For (i). We apply gh n to the second diagram in Definition 1 1 . . 1 1 1 to obtain 
F n ° Xa = Xa ° ip n - Now , 

gh m o F n oAa = gh mn o Xa = 4>mn 

gh m o X A ° V>« =4° V'n- 

The equality t/ji = id^ follows immediately from the first diagram in the definition 
and ghi = tt{i} ■ 

For (ii). Modulo p, we have 

Vv(a) = gh p (X A (a)) = gh 1 (X A (a)) p = M^T = oP. 

□ 

Examples for A-rings include Z and Z[xi, . . . , X4]. For Z there is a unique A- 
structure. For A = 1\x\, . . . ,xj\ the ring homomorphism given by A^(xi) = [xi] 
makes A into a A-ring. 

1.0.13. The following theorem will be very useful throughout the paper. 

Theorem 1.0.14. (Borger-van der Kallen) Let S be a finite truncation set, and 
let n be a positive integer. Let p : A —¥ B be an etale ring homomorphism. The 
following holds. 

(1) The induced ring homomorphism Ws(A) — > Wg(B) is etale. 

(2) The morphism 

W S (B) ®w s (A),f„ W s/n (A) -)• W S /n(B), b®a^F n (b)- W s/ „(p)(a), 
is an isomorphism. 

The references for this theorem are [Borllai Theorem B] [Borllbl Corollary 15.4] 
and |vdK861 Theorem 2.4] (cf. [Hesl Theorem 1.22]). 

Lemma 1.0.15. Let p : A — > B is an etale ring homomorphism. For two finite 
truncation sets T C S the map 

W S (B) ®w s( A) W T {A) -> Wr(-B) 

is an isomorphism. 



s 
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Proof. We may suppose that S — T U {n}. The exact sequence 



-> A 



W S (A) -> W T (A) -> 



yields after applying Ws(£?)®w s (A) (which is an exact functor by Theorem II .0.14[) 
a morphism of short exact sequences 







Ws(B) ®w s (A), 



.4- 



()■ 
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W S (B) Ws(B) ® Ws (A) W r (A) 



• W S (B) ^ Wr(-B) 



Again by Theorem II .0.141 the left vertical map is an isomorphism. 







□ 



Corollary 1.0.16. Let A be an R-algebra, and let R —> R' be an etale ring homo- 
morphism. Let S be a finite truncation set. The natural ring homomorphism 



W S (A) ® Ws(i?) W S (R') W S {A ® R R') 



is an isomorphism. 



Proof. Let n £ S be such that S/n = {1}. Since W S (R') is an etale W s (i?)-algebra, 
we obtain a morphism of short exact sequences: 







A® Ws (R) W s (i?') 







A® R R' 



Vn®id 



V„ 



W S (A) ® Ws( fl) W s (i?') 



W S \ W L4) ® Ws(fl) W S (J?) 



■W S {A® R R') 



^S\{n}{A® R R') 



By Lcmma Tl. 0.15[ we have 

W S \ W (A) ® Ws(ii) W s (i?') = W s \ {n} (A) 8>w SUn} (R) W 5 \ {n} (i?')- 

In view of Theorem 1 1.0. 141 the map A <8>w s (ii) Ws(i?') — ^ ^4 (g># i?', which is given 
by a ® & i— > a <£> F n (b), is an isomorphism. Thus the claim follows by induction. □ 

We will use the following convention in the next lemma. If a prime p has been 
hxed then we will write W n for W{ 1 p jP 2 i 

Lemma 1.0.17. Let p be a prime. Let A ^ B be an etale morphism of l^y 
algebras. For all positive integers n, m, and all non-negative integers s, the map 

W n+S {B) ® Wn+s (A),F pS W n {A/p m ) -> W n (B/p m ), b ® a ^ L; s (fe) a 

is an isomorphism. 
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Proof. Since 

W n+S {B) ® Wn+s {A),F p s W n (A/p m ) -> W n {B) ® Wn{A) W n (A/p m ) 

b(g>a^ Fp(b)®a 

is an isomorphism, we may assume that s — 0. For n = 1 the statement is obvious. 
For n > 1 and any ring R, we have an exact sequence 

yn-l 

(1.0.3) 0->R~ — > W n (R) -> W n -i(R) -> 0. 
We have a morphism of short exact sequences 

(i.o.4) w n {B) ® Wn {A) = ^/p m ) C3E^ (fl = s/ P m ). 

Again l¥ n (-B) <8V n (A) f"- 1 A/p m ^ B ® A A/p m = B/p m , and in view of Lemma 
11.0.151 we have 

W n (B) ® Wn{A) W n -x{A/p m ) ss W n _i(B) W„_i(A/p m ) £* W n _i(fl/p ro ), 

by induction. Thus (| 1 .0.4(1 is an isomorphism. □ 

1.0.18. Let p be a prime. Let R be a Z( p )-algebra. Since all primes different from 
p are invertible in R, the same holds in Ws(R) (Lemma ll.0.9|) . The category of 
Ws(i?)-modules, for a hnite truncation set S, factors in the following way. Set 



primes £ ^ p 

e n ,s := -V n (ei,s/n) for all n > 1 with (n,p) = 1. 
n 

Of course, if S/n = then es, n = 0. In the following we will simply write e n for 

Lemma 1.0.19. (1) For all positive integers n =^ n' with (n,p) = 1 = {n',p) 
the equalities 

€ n — trii tn^n' — 0, 

hold. 

(2) The equality 

E e « = ! 

(n,p)= l,n>l 

(3) .For a// m, n > 1 (m,p) = 1 = (n,p) we /iaue 



£n/m ifm\n, 
if m\ n. 



Proof. Straightforward. □ 

Therefore we obtain a decomposition 
(1.0.5) W S (R)= J] e « W s(^)- 

n>l,(n,p) — 1 

Notation 1.0.20. For a finite truncation set S we denote by S p the elements in 5 
that are p-powers, that is S p — S D {p l \ i > 0}. 
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Proposition 1.0.21. Let R be a Z/ p ) -algebra. Let S be a finite truncation set. 

(1) The projection irs p ■ Ws(i?) — > Ws (R) induces an isomorphism 

eiWsCR) W Sp (i?). 

(2) TTie morphism 

e n W s (R) -> W s/n (R), e n x ^ F n (e n x), 
induces an isomorphism e„Ws(i?) = eiW s/n{R) for all n with (n,p) = 1. 
Proof. For (1). We have 7Ts p (e„) = for all ri > 1, since 

ker(7r Sp ) = J] V n (W s/n (R)). 

n>l,(n,p) — 1 

Therefore e\Ws(R) — >• Ws p (R) is surjective. For all n > 1 with (n,p) = 1 we have 

e 1 -V n (x) = V n (F n {e 1 )-x) = 

by Lemma ELOp), which implies ker(7r Sp ) n e{W s (R) = 0. 
For (2). Since F n (e n ) — ex, we get a map 

F n : e n W s (fl) -> eiW s/n (i?). 

The inverse is simply given by ei?/ H ► e n ^V n (exy). □ 

Corollary 1.0.22. Lei R be a 'L^yalgebra. For a finite truncation set S, the 
functor 

MM- e„M 

n>l,(n,p) — 1 

defines an equivalence of categories 

(W s(.R) -modules) -=> J| (W \ s/n)p {R) -modules). 

n> l,(n,p) — 1 

1.0.23. Let -R be a Q- algebra. Let 5 be a finite truncation set. We define 
n,s- I] (l- j^(l))GW s (JJ), 

primes ^ 

t„,s := —V n (rx,s/ n ) f° r au n > 1. 
The analogous statements of Lemma ll.0.19l hold. We obtain a decomposition 
(1.0.6) Ws(R) = [] T„W S (R), 

and 

T n W S (R) ^ TxW S /n(R) ^ W {1} (i?) = i? 

is an isomorphism. The decomposition (|1 .0.6[) is nothing else than the isomorphism 

Ws (R) {9hshes > JT R 

nES 

given by the ghost map. 
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Corollary 1.0.24. Let R be a Q-algebra. The functor 

M i— > r n M 

defines an equivalence of categories 

(Ws(i?) -modules) J^J (R-modules) . 

1.0.25. For a truncation set S we have 

W S (Z) = JJZ'W), 

and the product is given by V^j(l) • V^(l) = c • K rm / C (l), where c = (m,n) is the 
greatest common divisor |Hes| Proposition 1.6]. 

The following two Lemmas are concerned with maximal ideals in Ws(R) for an 
etale Z-algebra R. 

Lemma 1.0.26. Let R be an etale Z-algebra. Let S be a finite truncation set. 
For every maximal ideal m C W<j(i2) there exists a maximal ideal p C R such that 
W S (R) W 5 (i?)/m factors through W S (R P ). 

Proof. Set k — Ws(i?)/m, we distinguish two cases: 

(1) k has characteristic 0, 

(2) k has characteristic p > 0. 

The first case can not happen. Indeed, since Ws(R) is etale over Ws(Z), it is a 
finitely generated Ws (Z)-algebra. Because Ws (Z) is a finitely generated Z-algebra, 
every closed point of Spec(Ws(-R)) has a finite residue field. 

Suppose now that k has characteristic p > 0. We have a factorization 

W S (R) -> W S {R) ®z A W s (i? ®z Z(p)) -> k. 
By decomposing 

W 5 (i? <8> Z( P ) ) ^> J] e n W s (i? ® Z (p) ) 

n>l,(n,p) — 1 

^n^ (W ^ -q W(s/n)p(jR0Z(p)); 

n>l,(n,p) — 1 

we can reduce to the case where S consists only of p-powers. Since R <S> Z( p ) is an 
etale Z( p ) -algebra we know that 

ker(^ {1} ) = £ y;(l) • W S (R ® Z (p) ). 

i>0 

Finally, Vp^l) 2 = p l T^;(l), hence Vp«(l) maps to zero in A: (if i > 0). Thus 
W s (.R<g)Z (j)) ) -> fc factors through Ws(i?®Z (p) ) -» W {1} (J?(g)Z (p) ) = i?®Z (p) A fc. 
In this case we can take 

p = ker(i? ->• i? (g) Z( p ) A fe). 

□ 
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Lemma 1.0.27. Let p be a prime. Let R be an Stale Z,r p ) -algebra. Suppose that R 
is integral and pR ^ R. Let S be a p -typical finite truncation set, i.e. S consists 
only of p-powers. Then every maximal ideal a o/W<?(i2) is the form 

a = kcr(W 5 (i?) ^> R ->• R/m) 
for a unique maximal ideal m of R. 

Proof. Let a C Ws(R) be a maximal ideal and set k = Ws{R)/a. 

If char(/s) = then the map Wg(i?) — > k has to factor through a ghost component 

gh i 

W S (R) — ^ R -> k 

for some i. But R doesn't have closed points with residue field of characteristic 0, 
and we get a contradiction. 

Therefore char(fc) = p. Since R is an etale Z( p )-algebra we know that 

ker(vr {1} ) = ]>>;(1) -W S (R). 

i>0 

And the equality V p i (l) 2 = p l V p i (1) implies that Ws(i?) — > k has to factor through 

7T {1} . □ 

2. The relative big de Rham-Witt complex for smooth A-rings 
2.1. Construction of an explicit version. 

2.1.1. Let A be a smooth Z- algebra, and suppose that A is a A-ring. Denote by 
i/) n , for n > 1, the Adams operations introduced in Section f"l. 0.101 

2.1.2. The induced map tp n : Q\m — > ^a/z IS divisible by n q , and F n — n~ q ■ ip n 
is well-defined on £l 9 A / z - The following equalities hold: 

• Fi = id, 

• F n o F m = F n . m for all n,m> 1, 

• d o F n = n ■ F n o d for all n > 1 , 

• d o F n o d = for all n > 1 . 

Definition 2.1.3. For n > 1, we define the complex H,* A ^ z (n) by 

^A/z( n ) : ~ n ' ^A/Z + ^A/Z' 

and differential —d. 

n 

By definition, Q A ^ z (n) C and d(fl q A ^ z (n)) C n • ^^w z - Since fi^w z * s 

torsion-free, the differential -^d is well-defined. Via 

a ■ lo = tjj n (a)uj, 

we obtain an ^4-module structure on tt.,„(n). 
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2.1.4. Let us define Frobenius and Verschiebung morphisms. For all positive inte- 
gers fc, we set 

(2.1.1) V k : Q A/Z (n) (T A/Z (nk), 

Vfc(w) = kuj, 

(2.1.2) F k : Sl* A/z (n) -> il A/z (n/gcd(n, k)), 

F k (u) = Ffc/ gcd („ )fe )(u;). 

The Frobenius is well-defined: if c = gcd(n, k) and i, j are such that ifc + jn = c, 
then 

Fk/c(du) = - ■ jF k/c (du)) + i-F k/c (duj) = - -jF k/c {du)) + d(iF k/c (w)) G Q A/z (n/c) 
for all lu G Q A / Z - 

Lemma 2.1.5. Let q > be an integer. Let A be a smooth X-ring over Z. // 
d-q G nfl q A + ^ then 

7 ? = ^-F e (r ?e )+^Fe(«) I 



e 

e|n e\n 



for some rj ei 5 e . 



Proof. The case n = 1 is obvious. Let n = p be a prime. The Cartier isomorphism 
reads 

(2.1.3) F p : ^> ff 9 («^ /M ) for all q > 0. 

Since & q A / pA = ®A A/pA, the case n = p follows from the surjectivity of 

(|2.1.3f) . Now let n= p % with i > 2. By induction we know that 

i-l i-l 

v = E ( v ) + E ^ )• 

Without loss of generality we may assume that 77 = Y^jJo P %1 ~ J -^j*> (Vpi )■ Now, 
dn G P'tt^/z implies p 1 ^ 1 F pi ) G P lfi A/z> hence 

i-l 

(2.1.4) X>p*(dv)epfiSi. 

We claim that (|2.1.4|l implies 77^ G + cttl^ -1 + F p (17^) for all j, which proves 
the case n = p 1 . We can write 

i-l i-2 

E ^ ( d V ) = dr) X + F P (E f p j (^V+ J )) e P^a/z- 
In view of the injectivity of (|2.1.3[) this implies 

i-2 

(2.1.5) E^V+Oej^z- 

3=0 

Therefore it suffices to show 771 G P^a + dfl A ~ + F p (Cl A ). Now, (|2.1.5p implies 
rf?7i G P^a +1 ana - ^ ne c l a i m follows from the case n = p. 
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Suppose that n — n\n 2 with (m, n 2 ) = 1 and n > m, ri2. By induction we know 
that 

e|ni e|ni 

^E7^w + E f »» 

e|n 2 e|n 2 

Write 1 = ani + 6n 2 and 

»7 = X! -Fe(aT]e) + X ^e(d(oni* B )) + X ~^e(M + ^ (d(&n 2 5 e ) ) . 
e|n2 e|ri2 e|ni e|ni 

This proves the claim. □ 
Definition 2.1.6. Let A be a smooth A-ring over Z. We set 

WW A/Z := J] n« /z (n). 

For a truncation set 5 we set 

(2.1.6) Wsn^ /Z := J] ^/z(»)- 

We will consider WsQ q A / z as a quotient of Wft 9 A ^ z for the obvious map. We 
want to show that the system 

s i y w s n* A/z 

is a Witt complex in the sense of |Hes[ §4]. For this we want to equip W£l* A / z 
with a structure of a differential graded algebra. Here the degree q part is given by 
WQ q A/z . The differential 

d : wn A/z -> 

is defined by rf = (— ) n >l ( as m Definition 12. 1.3[) . 

For n, rn > 1 let c be the greatest common divisor, write in + jm = c. We define 

(2.1.7) ft* z (n) X fl« z (m) -> !!^(nm/c) 

(cji,w 2 ) i-> F m / C (wi) • F„ /c (cj 2 ). 

For this to be well-defined we need to show that F m i c {oji) ■ F n / C {uj 2 ) is contained 
in fi£+»(nm/c): 

F m / C (nai) • F n/c (ma 2 + db 2 ) = n ■ F m/c (ai)F n/c (db 2 ) mod nra/c 

= (in/c + jm/c)n ■ F m / c (ai)F n / c (db 2 ) mod nm/c 

= in 2 / c ■ F m / c (ai)F n / c (db 2 ) mod nm/c 

= in ■ F m /c(ai)d(F n/c (b 2 )) mod nm/c 
= (-l) dc ^d (in ■ F m/c ( ai )F n/c (b 2 )) 

_ (_i)dcg(a l)m . d(f m/c (oi)) • F n/C (b 2 ) mod nm/c 

= d ((-l) de ^in • F m/c (oi)F n/c (6a)) mod nm/c, 
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F m /c(dbi) ■ F n/c (db 2 ) = (in/c + jm/c) ■ F m / C (dbi) ■ F n/c (db 2 ) 

= i ■ F m/c (dh) ■ d(F n/c (b 2 )) + j ■ d{F m/c {h)) ■ F n/c {db 2 ) 

= d ((-l) dc ^ )+1 iF m/c (dbi)F n/c (b 2 ) + jF m/c (h)F n/c (db 2 ) 

It is easy to see that (|2.1.7j) makes WVl* A ^ into a differential graded algebra. For 
every truncation set S, the kernel of the projection WSl A , z — > WsQ, A , z is a two- 
sided ideal, hence S h-> Ws£l* A / z defines a contravariant functor from truncation 
sets to differential graded algebras. 

2.1.7. We want to show that there is a natural isomorphism 77 : W(^4) — ► Wfl A ^, 
inducing an isomorphism 

(2.1.8) Vs :W S (A) ^W s n° A/z 

for every truncation set S. 

Since A is a A-ring there is a natural ring homomorphism p : A — > W(A) splitting 
the projection W(A) — > A and such that F n o p = p o ip n for all n > 1. Define 

fi : Wn° A/z -> W(A), A*((no»)„>i) : = I] K(p(a n )). 

n>l 

Lemma 2.1.8. T/ie map p is an isomorphism of rings and is compatible with the 
F n , V n -action for all n > 1. 

Proof. Let c be the greatest common divisor of n, m. We have 

V n (p[a n )) ■ V m (p(a m )) = V nm/c (p(ci(! m/c (a n )ip n/c (a m ))), 

hence fj, is a ring homomorphism. Both rings, WT^/ Z and W(A), are complete 
with respect to the descending filtrations 

(WQ° A/Z y :=l[ nA : 

n>i 

W(Ay = Y / V n (W(A)). 

Since p is continuous, it is sufficient to check that the graded pieces are isomorphic, 
which is obvious because p is a section of the projection W(A) — > A. Compatibility 
with the F n and y„-action are obvious. □ 

We define r\ as the inverse of p. It induces an isomorphism 775 for every truncation 
set S, that is simply given by 



Vs(^2 V n{p{ a n))) = ( 

na n )n£S ■ 



neS 

2.1.9. Let S be a truncation set. For all n > 1, we have 

F n : wn A/z -> wn< A/z , v n : wn A/z -> W^ /z 

from Section l2.1.4l Consider Ws^ A ^ z and Ws/„fi^y z as quotients of Wfl q A ^ z . Then 
i 7 ^ and induce 

(2.1.9) F n : Ws««i /Z -> Ws /n n« /Z) V n : ^s/n^ /z -> ^s^ /z - 
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It is easy to verify that for all positive integers n, m the following identities hold: 

-^1 — Vl — id, F m F n — F nmi VnVm = Vnmi 

F n V n = n, F m V n = V n F m if (n, m) = 1, 

FnVS = VS/nFn, VsV n = V n T] S /n- 

Lemma 2.1.10. Let n be a positive integer. Let S be a truncation set. 

(i) If x e W s VL q A/z and y 6 Ws/ n ^ A /z then 

x-V n {y) = V n {F n {x)y). 

(ii) If ye Ws/n^ q A /z then 

F n dV n (y) = d(y). 

Proof. The identities (i) and (ii) are straightforward. □ 
2.1.11. Recall that we have the ghost map 

oo 

gh : W(A) -> Y[ A. 

n=l 

gh(a 1 ,a 2 , ■■■) = ea" /e )„>i. 

e\n 

Since A is torsion-free the ghost map is injective. The composition gh o n^ 1 : 
W^A/z -> n~=i A is simply given by 

(.g/io?y- 1 )((na„)„>i) = e^ n / e (a e ))„>i, 

e\n 

or equivalently, 

( 5 /ior ? - 1 )((a„)„>i) = (^^„/ e (o e ))„>i. 

e|n 

It will be convenient to have a ghost map for the entire complex Wfl A ^ z . We 
won't be able to get a compatibility with Frobenius and Verschiebung, but we can 
capture the multiplication and the differential. For g>0we define 

oo 

(2.1.10) gh-.wn A/z ^l[n A/z 

n=l 

gh((w n ) n ) = (n q ■ ^F n/e {uj e )) n . 

e\n 

Via the product structure, flnLi ^a/z ^ s a differential graded algebra. 

Proposition 2.1.12. The ghost map is an injective morphism of differential graded 
algebras. 
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Proof. Injectivity is obvious. Compatibility with the differential: 
d(n" ■ £ F n/e (w e )) =n"-J2 d(F n/e (iv e )) 

e\n e\n 

= n q ■ ^n/e ■ F n/e (duj e ) 

e\n 

= n* +1 -^F n/e (^ e ). 

e\n 

Compatibility with the multiplication is a straightforward computation. □ 
We define 

oo oo 

F k : n & A/Z -> n & A/Z , 

n—1 n—1 

F k ((uj n ) n ) = (io nk ) n . 

The ghost map does not commute with the Frobenius, but we have the following 
compatibility: F k o gh — k q ■ gh o F k . 

Lemma 2.1.13. Let S be a truncation set. For all positive integers k and a G A, 
F k d Vs ([a]) = Vs/kdaf-^dvs/kda})- 

Proof. It is sufficient to consider 5 = N, that is, we will work with Wfl* A ^ z , because 
the claim follows from this case after projecting. We need to prove 

F k d V ([a}) = r,([a] k - 1 )d V {[a]). 

In view of Proposition 12.1.121 the claim is implied by 

k ■ gh(F k d V ([a})) = k ■ gh^af-^d^a])). 

For the left hand side we compute: 

k ■ gh(F k dr)([a})) = F k d(gh{[a))) 

= F k d((a n ) n ) 

= F fc ((na"- 1 da)„) 

= {nka nk ~ 1 da) n . 

On the other hand: 

k ■ gh{r ] {[a] k - 1 )dr ] {[a])) = (ka^ n ) n ■ d((a n ) n ) 

= (ka ( - k - 1 '> n ) n ■ {na n - l da) n 
= (kna kn ~ 1 da) n . 

□ 

Corollary 2.1.14. The system of differential graded algebras 

s i ^ w s n* A/z 

together with rjs 12.1.8]) and the Frobenius and Verschiebung i2.1.9\) form a Witt 
complex in the sense of Hes, §4]. 
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Since the big de Rham-Witt complex is the initial Witt complex, Corollarv l2. 1.141 
implies the existence of a unique morphism of Witt complexes 

(2.1.H) [s^w s n* A ]^[s^w s n* A/z ]. 

Lemma 2.1.15. The morphism H2.1.11]) is an epimorphism. 

Proof. It is sufficient to prove that the map Wsfi^ — > Ws^l A n is surjective if 
S is a finite truncation set. We prove the statement by induction on the length 
of S. Set to = max{n | n G S}. Certainly, 5' := S'\{to} is a truncation set and 
S/m = {1}. By induction it suffices to prove that Q, A , z (rn) is contained in the image 

of Ws^ A - Let raw + drj G Q^, z (m) and consider uj G W{i}f2^, r\ G W{i}f2^ _1 . 
Then V rn Lu + dV m rj G Ws^ A has muj + drj as image. □ 

2.1.16. Let A be a smooth A-ring. Our goal is to show that the map (|2.1.1ip 
induces an isomorphism 

w s ny (w s nl ■ w s n* A ) s w s n* A/z 

for every finite truncation set S. Note that Wsil z = for i > 1 by [Hesi Theo- 
rem 6.1]. 

As a first step, let us prove that Wsf2| maps to zero in WsQ A /%- In view of 
[Hesi Theorem 6.1], Ws^ is generated by elements of the form d(V n (l)) with 
n G S. Since V n {l) maps to the image of the element n G Q, A , z (ri) via the inclusion 

^4/z( n ) — ¥ ^s^A/z ( see l|2.1.6p ). the image of dV n {\) is zero. 
2.2. Relative big de Rham-Witt complexes (over Z). 

Definition 2.2.1. Let A be a (commutative) ring. Let S be a truncation set and 
q > 0. We define 

W s O« /z := lim W T Oy (WrfiJ • W^y 1 ) . 

TcS 
T finite 

As usual, we write Wf2y z for Wnfi^ z . 

Again, note that Ws^ = for i > 1 by |Hes|, Theorem 6.1]. By definition, we 
get an induced isomorphism 

775 : W S (A) W s ^y z . 

Proposition 2.2.2. Let S be a truncation set. Let n be a positive integer. Lnduced 
by Wfl\, we get maps 

(2.2.1) d :W s n q A/z -> w s n«+i 

(2.2.2) F„ :W s «y z -> W s/n ft« /z 

(2.2.3) k :w 5/ „r>y z -> w s n* /z . 

Moreover, S >-y Wsf2y z forms a Witt complex. 

Proof. For (|2.2.1|) : follows immediately from d(x ■ y) = d(x) ■ y + 

For (|2.2.2| : follows immediately from F n (x ■ y) — F n (x) ■ y + x ■ F n (y). 
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For (|2.2.3|) : for a finite truncation set T, WtSJJ is generated by elements of the 
form d(V m (l)). We have 

V n (d{V m (l)) ■ y) = V n (F n dV nrn (l) ■ y) = dV nrn (l) ■ V n (y). 

Thus (|2~2~3| is well-defined. 

All properties that are needed for S n> Ws^ A / z to be a Witt complex are 
inherited from the big de Rham-Witt complex. □ 

Lemma 2.2.3. Let n be a positive integer, let S be a truncation set, and let q be 
a non-negative integer. The following holds. 

(i) As morphisms Wsfi^y z — > Wsfi^-' V n F n d — dV„F n . 

(ii) As morphisms W s ^ /Z -> W s O$/|: d 2 = 0. 

(iii) As morphisms W 's/tS^a/z ~~ ^ ^ s ^A/z ; = 0. 

Proof. For (i). On the left hand side: 

V n F n d(x) = V n (F n d(x) • 1) = d(x) ■ V n (l). 
On the right hand side: 

dV n F n (x) = d(x ■ V n (l)) = d(x) ■ V n (l) + (-l) dcg ^x • dV n (l), 

and dV n (l) = in W s ^ /Z . 

For (ii). We have d 2 (x) = dlog[-l] • dx, and dlog[-l] = [-1] • d[-l] = 0. 
For (iii). We have 

dV n d(x) = dV n (F n dV n (x)) = d(dV n (x) ■ V n {l)) = 

d 2 V n (x) ■ V n (l) + (-l) de ^ +1 dV n (x) • dV n (l) = 0, 
in view of (ii). □ 

Proposition 2.2.4. The Witt complex S i->- Wsf2^/ Z is the initial object in the 
category of Witt complexes over A with W(Z) -linear differential. 

Proof. Let S h4 Eg be a Witt complex over A with W(Z)-linear differential, that 
is, d(auj) = ad{uj) for a G Ws(Z) and w S E s . We only need to show that the 
canonical morphism 

[S ^ W s tt* A ] ^[S^ E* s ] 
factors through [S \-} Ws0^ z ]. It is enough to check this for finite truncation sets. 
Since Wsf2 z is generated by elements of the form dV n (l) with n e S, this follows 
immediately. □ 

2.2.5. Let us show that for a scheme X and a finite truncation set S, the assign- 
ment Spec(A) h4 Wsf2^y z for all open affine subsets Spec(A) of X defines a sheaf. 
We will need the following lemma. 

Lemma 2.2.6. Let S be a finite truncation set. Let A — > B be an etale morphism 
of rings. For all q > the induced morphism of W s (B) -modules 

W S (B) ®w s (A) W s ^ /Z -> W s n| /Z 

is an isomorphism. 
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Proof. By definition we have an exact sequence of Ws (A)-modules 

(2.2.4) Ws^ 1 ®w s (z) W s 0i -> Wsft A W<?ft* /Z -> 

By (He3 Theorem C] we have W s (5) «> Ws (A) W s ^ W s O| for all q, and the 
claim follows from the exact sequence ()2.2.4[) after tensoring with Ws(B)®w s (A)' 

□ 

Proposition 2.2.7. Let X be a scheme. Let S be a finite truncation set and q > 0. 
The assignment Spec(A) i-> Wsf2^y Z7 for all open Spec(A) of X , defines a sheaf 
which we denote by WsQ q x /%- 

Proof. Certainly it suffices to consider an affine scheme X = Spec(A). We need to 
show that for every affine covering {Spec(Ai)}i^j of X the sequence 

(2.2.5) -> Ws^a/z -> I] w ^a,/z -> II Ws ^®aA 3 /z 

» *<j 

is exact. We can reduce to a finite index set I since X is quasi-compact. 
We know that the Cech-complcx 

(2.2.6) -> Wg(A) -> JJ W S (A 4 ) -> J] W S (A, ® A ->•... 

i i<j 

is an acyclic bounded complex. By Theorem 11.0.141 Ws(B) is etale (hence flat) 
over Ws(A) provided that B is an etale A-algebra. Therefore tensoring (|2.2.6[) 
with ®w s (A)Wsi7^y z is an acyclic complex again. We conclude by using Lemma 
1231)1 □ 

2.2.8. Let A be a A-ring and smooth over Z. So far we have a morphism of Witt 
complexes 

[s*vr s n* A/z ]^[s^w s sr A/x \. 

We would like to show that this is an isomorphism. Let us define the inverse. 
Since Witt complexes are determined by their values on finite truncation sets, it is 
sufficient to define the inverse only for them. 

By Hcssclholt's construction of the de Rham-Witt complex [Hesl §3] there is a 
natural morphism of differential graded algebras 

^w(A)/z wn^/ z , 

because cflog[— 1] = [— l]d[— 1] = in Wfi^y z . Recall that we have a ring homo- 
morphism 

p : A -> W(A), 

hence an induced map p : Q* A /z, ~~ ^ ^w(A)/z ~~ ^ ^^a/z- We denote by ps the 
induced map 

Ps ■ ^a/z w s^a/z- 

Lemma 2.2.9. For all q > and all positive integers n, the map p : & A / Z — > 
^A/z sa ti s fi es P ° F n = F n o p. 
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Proof. In view of |Hesl Theorem 2.13] we have 

F n ■ &w(A)/Z ~~ ^ ^W(A)/Z 

at our disposal, and ^vWA)/Z ~~ ^ ^^A/z * s compatible with F n . Clearly it suffices 
to treat the cases q = 0, 1; the case g — holds by assumption. 

For the case q = 1. In view of the formula for i 7 ^ given in |Hesi Theorem 2.13] 
we have to show 

F n (da) = '^^p e (a)^~ 1 d(p e (a)) for all a G A, 

e\n 

where p e is the e-th component of p : A — > W(A) via the identity W(A) = 
rinGN >0 A. This is implied by the following equalities: 

nF n {da) = d(ip n (a)), 
p e (a)^' 1 d(p e (a)) = d(^ep e (a) = ) 

e | n e \ n 

= d(gh n o p(a)) = d(ip n (a)). 

□ 

Lemma 2.2.10. Let n be a positive integer. Let S be a truncation set such that 
n G S . The map 

n« /z (n) -> w s n* A/z 

nuj + drj^ V n ps/n{u) + dV n p s / n (v), 

is well-defined. 

Proof. In view of Lemma 12.1.51 the equality nu + dn = implies the existence of 
n e ,8 e , for all divisors e of n, such that 

e|n e\n 

hence 

w = -y^-F e (^??e)- 

e\n 

Now, 

rfKPS/n(fed(4)) = dF n F e d/95/(„/ e )((5e) 

= dV n / e V e F e dp S /(n/e)(5e) 

= dV n / e dVeF e ps/( n /e)(Se) (Lemma 
= (Lemma EX^iii)). 

Moreover, 

Ti 71 

dV n ps/n(-Fe(rie)) = dV n -F e p s/{n/e) {n e ) 

Ti 

= dV n / f ,-V e F e p s /( n / e ){r] e ) 

= Vn/edV e F e p s/{n/e) (l] e ) 

= V n F e dps/( n /e)(ile) (Lemma [2X30)) 
= V n p s/n (F e dn e ), 
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which finishes the proof. □ 
Lemma [2.2.101 allows us to define 

e S :Wsn q A/z ^Ws& A/z 

(nui n + dr) n ) neS >-> 51 V n p(uj n ) + dV n p{r) n ), 
nes 

for every finite truncation set S. We define eg for every truncation set 5* by taking 
the limit. 

Proposition 2.2.11. The maps 

[s ^ w s n A/z ] [s ^ w s n A/z ] 

form a morphism of Witt systems. 

Proof. We may work with finite truncation sets S only. By definition of 775 : 
Ws{A) — > Ws^ A / z (Section [2. 1.71) the compatibility £5 o r)s = r\s is obvious. 
For the compatibility with d: 

de s (nuj + drj) = d(V n p{uj) + dV n p(r))) = dV n p(u>) 

esd{nuj + drj) — es(du) — dV n p(uj). 

For the compatibility with V n : 

V n e S / n (muj + drj) = V n (V m p(oj) + dV m p(rjj) = V„ m p(u) + ndV nm p(r)) 

es(V n (muj + drj)) = es(nmuj + ndrj) = V nm p{w) + ndV nm p(rj). 

For the compatibility with F n recall that F n is defined by 

F n : n« (m) -> n A {m/c) 

mu3 + drj M> F n / C (mu) + drj), 

where c = gcd(m, n). Writing i— + j— = 1, we have 

m 

F n /c(muj + dr)) = —(c- F n/c (uj) + j ■ F n/c {drj)) + d(i ■ F n/c {rj)). 

Noting that F n / C and V m / C commute, we get 
m 

e s/n( — (c • F n/c u + j ■ F n/c dr/) + d(i ■ F n/c (r]))) 

= V m/c (c ■ F n/c p(uj) + j ■ F n/c dp(rj)) + i ■ dV m/c F n / c p(rj) 

Til TL 

= cV m / c F n/c p(u) + j—F n/c dV m / c p{rj) + i-F n / c dV m / c p(ri) 

= cV m/c F n/c p(u) + F n / c dV m / c p{rj). 

Moreover, we have 

F n e s {muj + drj) = F n V m p(u) + F n dV m p(rj) 

= cF n/c V m/c p{uj) + F n / c dV m / c p(r)). 
This implies the compatibility with the Frobenius. □ 
Theorem 2.2.12. The morphism of Witt systems 

[s ^ vr s sr A/z ] ^[s^ w s n A/z ] 

is an isomorphism. 
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Proof. Proposition ^ . 2 . lTI implies the existence of a morphism of Witt system in the 
other direction. For both Witt systems the canonical morphism from [S H> WsO^J 
is an epimorphism (Lemma 12. 1.151) . hence the claim. □ 

2.3. Applications. In this section we collect applications of Theorem l2.2.12[ that 
will be used in the remainder of the paper. 

Proposition 2.3.1. Let A and B be smooth Z-algebras. Let p be a prime, and let 
S be a finite truncation set. 

(1) Via the equivalence from Corollary \ 1.0. 22] for R = Z( p ) we have 

n>l,(np) — l 

(2) For a morphism f : A — > B the induced morphism fs ■ Ws^ A / z ®z Z( p ) 
Ws^g| Z (gig Z( p ) maps to 

fs^ (J) f(S/n) p 
n>l,(n,p) — 1 

via the equivalence from Corollary M.0. 221 

Proof. For (1). Note that W S (Z) (g> z Z (p) = W s (Z (p) ) (LemmaQlLH) and therefore 
the statement makes sense, because Wsf2^ z ®z Z( p ) is a complex of Ws(Z( p ))- 
modules. 

The first step is to show that the projection induces an isomorphism of complexes 

(2.3.1) £l (W s ^ /z ®z 'Lip)) -> W Sp £l* A/z ®z Z (p) 

(see Notation 11.0.201 for S p , and Section fl.0. 181 for the definition of ei). In view of 
Proposition 12 . 2 .71 we can reduce to the case where there exists an etale morphism 
B — > A with B = Z[xi, . . . , Xd\- The isomorphism from Lemma 12.2.61 implies 

ei(W s (A) ® z Z (p) ) ® ei (w s (s)® z z (p) ) ei(W s n| /z ®i Z (p) ) ei (W s fi^ /z ® z Z (p) ) 

for all Since W S (A) ® z Z (p) = W S (A ®z Z( p )) for any ring ^4 (Lemma IOO| . 
Proposition 11.0. 2 XI and Lemma \2 . 2 . 61 allow us to reduce to the case A = B. 
Theorem 12.2.121 implies 

w s n q A /z ®^ z (p) = n ^A/z( n ) ®z z (p ) 

for any finite truncation set S. For n 6 S and oj £ VL q A ^(n) it suffices to show that 
e\U) = 0, if n g" S p 
e\uj - oj e ^/z(s) ®z Z( p ) if n G S p . 

s^Sp 

Suppose n S p , and let ^ ^ p be a prime that divides n. Then 14(1) ■ u) = i ■ u), 
hence e±u = 0. 

H n <E S p then eiw can only have non-zero components at a ■ n with (a, p) = 1. 
It is easy to see that the n-th component of e±u> equals oj. Thus we proved that 
(|2.3.1| is an isomorphism. 

The isomorphism 

e n (W s n q A/ z ®z Z( P) ) ^> ei(W 5/n n^ /z ®z Z (p) ), 
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for n > 1 with (n,p) = 1, follows from F n (e n ) = ei and the existence of the inverse 
map n ,4-i V n . We introduced the factor n q in order to obtain an isomorphism of 
complexes 

e n (W s n* A/z ® z Z w ) A £l (W s/ „^ /z ® z Z (p) ). 
For (2). Follows immediately from the construction in (1). □ 

Remark 2.3.2. Proposition 12.3.11 may be also true if A, B are not assumed to be 
smooth. 

The interest in Wsf2^y z Cg) Z Z( p ) comes from the following fact. 

Proposition 2.3.3. Let A be a ring, let p be a prime, and set A' :— A £§> z Z( p ). 
There is a unique isomorphism 

[S ^ W s O^, /z ] A [S m. km W T Q* A/Z ® z Z(p)] 

res 

T finite 

of Witt complexes over A' . 

Proof. It is sufficient to consider finite truncation sets. By Lemma 11.0.91 we know 
that 

(2.3.2) W s (A)® z Z (p) =W S (A'), 

and all the other properties of a Witt complex over A' are easily proved for [S *-> 
Wsfl^w <g> z Z( p )]. The differential is [S h-> Wg(Z)] -linear, hence the existence of a 
unique morphism. On the other hand, [S h-> Wgfi^, , z ] is a Witt complex over A 
(with [S H> Ws(Z)]-lincar differential). Thus we get a morphism of Witt complexes 
over A: 

TCS 
T finite 

It is automatically a morphism of Witt complexes over A' (in view of (|2.3.2j) ) and 
thus e o t = id. Moreover, we know that £ = r o e o £, where 

£ : [5 m. W s fi^ /Z ] -> [5 m. Urn W T ^ /z ® z Z (p) ] 

TCS 
T finite 

is the canonical morphism. This implies t o e = id. □ 
Proposition 2.3.4. Let A be a Z/ p \-algebra. Then 

is the relative de Rham-Witt complex n i— > W n Q A , z defined by Langer and Zink 
[LZ04] . 

Proof. We have a functor 

/ : (Witt systems over A with W(Z)-lincar differential) — > 

(F-y-procomplexes over the Z( p )-algebra A), 

where we use the definition of |Hes[ §4] for the source category and the definition 
of [LZ041 Introduction] for the target category. The functor is defined by 

[S ^ P s ] ^[n^ P {1 , p ,..., p n-1 } ]. 
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This functor admits a right adjoint E defined as follows. Let [n H> P n ] be a F-V- 
procomplex. We set E(P)ii tP> ^ tP n-i\ :— P n . For any finite truncation set S we 
set 

E(P) S = H E(P) [s/n)p 

n>l,(n,p) — 1 

equipped with the product ring structure (see Notation 11.0.201 for {S/n) p ). For 
T C S the map E(P) S -> £(P) T is defined by E{P) {s/n)p -> E(P) (T/n)r induced 
by (T/n) p C (S , /n) p for all n. 
In order to define 

77s : W S (A) ^E(P) , 
we have to use Proposition 1 1 . 0.2TI Explicitly, we have a ring isomorphism 

W s( A ) -> II W (s/«) P (^), ^e„a„ ^ (7r (s/n)p F„(e„a„))n, 

n>l,(n,p) = l n 

where ^(s/n)^ : Ws/ n (A) — > W(s/„) (A) is the projection. The differential d of 
P(P) is defined by 

d(e n ) n := (-d(e„))„, 
n 

where n runs over all positive integers n such that (n,p) — 1. We set 
F p : B(P) S -> E(P) s/p , F p ((e n ) n ) = (F p (e„))„, 
Ff : E(P) S -> E(P) S /i, F e ((e n ) n ) n i = e n >t for a prime £ ^ p. 

We set 

V p : E(P) S/P -> P(P)s, V P ((e„)n) = (V p (e n ))„, 

for a prime i^p:V t : E{P) s/l -> P(P)s, V5(( 

In general we define F n := JT^ Fj? and := J^i Vf' if n = f^j ■ It's a straight- 
forward calculation to prove that E(P) defines a Witt complex over A with W(Z)- 
linear differential. We thus obtain a functor 

E : (P-V^-procomplexes over the Z( p ) -algebra A) — > 

(Witt systems over A with W(Z)-linear differential) 

that is easily seen to be right-adjoint to /. Therefore f([S H- W,gf2Jw z ]) is the 
initial object in the category of P-l^-procomplexes as is the relative de Rham-Witt 
complex constructed by Langer and Zink |LZ04) . □ 

Proposition 2.3.5. Let A and B be smooth Z- algebras. Let S be a finite truncation 
set. 

(1) Via the equivalence from Corollary \1.0. 2J\ for R = Q we have 
(2.3.3) W s ^ /Z ® z Q ^ Q* A/Z ®z Q. 

neS 

(2) For a morphism f : A —> B the induced morphism fg : Wsfi^ z <8>z Q — > 
W s llg /Z <8)z Q ma Ps to 

nes 



i-e n >/£ if I | n' 
otherwise. 
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via the equivalence from Corollary \1.0.24\ 

Proof. For (1). For every truncation set T we denote by it : Wt12^ z — > the 
projection. The morphism (|2.3.3j) is induced by 

r n (w s fi« /z ® z Q) n%oi S n q A/z ® Q. 

Again the factor n q has been added in order to obtain a morphism of complexes 

T n (W s Q* A/z ® z Q) -> fi^ /z ® Q. 

By using Lemma f2 .2.61 and Proposition ^ . 2 . 7l we may suppose that A = %[x\, . . . , Xd\- 
Fix a A-structure on A. Via the isomorphism of Theorem 12.2.121 the morphism 
(|2.3.3|) agrees with the map (|2.1.10p . Now it is easy to see that ()2.3.3|) is an iso- 
morphism. 

Statement (2) is obvious. □ 



Proposition 2.3.6. Let X be a smooth scheme over Z. Let q > be an integer and 
let S be a finite truncation set. Then Ws^x * s "^-torsion-free, that is, multiplication 
by a non-zero integer is infective. 

Proof. It is sufficient to prove that the sequence 

o -> w s n q B A w s n q B 

is exact (where n is a non-zero integer) for every open Spec(_B) of X that admits 
an etale morphism Spec(-B) — > A z = Spec(A). In view of Lemma r2.2.6l and the fact 
that Ws(-B) is etale over Ws(A), we can reduce to the case B = A. In this case, 
Theorem 12.2.121 gives an explicit description of WsO^ that is obviously torsion- 
free. □ 

Proposition 2.3.7. Let p be a prime. Set A = Z[xi, . . . , Xd] and A' := A Cg> z Zi p ) ■ 
Let n be a non-negative integer; set S — {l,p,p 2 , . . . ,£>"}. Recall that we have a 
map of complexes = f2^ z (0) C Wsfi^ z coming from the X-structure on 

Z[xi, . . . , Xd] with Adams operators ijj n (xi) = xf for all i. The induced morphism 

(2.3.4) a* A/z ® z w s (z (p) ) -> w s n* A/z ® z Z(p) 

is a quasi-isomorphism. Equivalently, 

(2.3.5) tr A , /Zw ® Zft0 w s (z (p) ) -> w s n* A , /z 

is a quasi-isomorphism. 
Proof. Note that 

n* A/z ® z w s (z (p) ) = ar At/Zw ® Z(p) w s (z (p) ), 

thus Proposition 1 2 . 3 . 31 implies the equivalence of the statements. 
We have a decomposition as a complex: 

n 

8=0 

Recall that by Theorem 12.2.121 we have a decomposition as a complex: 

a 

w s r»^ /z ® z z (p) = n* A/z {p l ) ® z z (p) . 

i=0 
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We observe 

with differential d(p l uj + drj) = dw. The morphism (|2.3.4j) respects the decomposi- 
tions, and is given by 

^k'/zwM 1 ) -^P^avzw + dn iv« w . ^(1) ^P^H- 
Since -F p , acting on fi^y z , is injective, it suffices to show that the complex 

( P ^^ v) +dn\ l/Z{p )/tfF;w AI/Z{v) 

is acyclic. Equivalently, for all q > 0, we have the inclusion 

(2.3.6) p> e si% /Zw | g } c P^^ VZw + dn$:; Zw • 

In order to prove (|2.3.6|) by induction on i, we will need Lemma 12.3.81 below. For 
i = 1 and dw € pF p f2 9+1 , the Lemma implies immediately that lu G F p fl q + df2 ?-1 . 

Suppose that i > 1 and do; G p 4 i^57 9+1 . By induction we conclude the existence 
of T) and e such that 

p*-^ = p^f;- 1 ^ + de. 

Since F p is injective, it is easy to see that drj G pF p Q q+ , which implies 77 = 
F p r/i + ^772 for some r)%, r)2- Thus 

jAd = p^-^Fprn + d m ) + pde = p l F l pVl +pd(F;~ 1 ( m ) + e). 

□ 

Lemma 2.3.8. Let A = Z( p ) [xi, . . . , x<f]. There is a decomposition of complexes 
(2-3.7) ^a/z (p) = ^p^a/z (p) ©C*7 

suc/i t/ioi C* is an acyclic complex. 
Proof. As complex C* we can take 

C q := V" V" Z^x J dx Il A • • • A dx/ 9 
7 J 

where the sum runs over all indices (J, J) such that there exists a /c with 



mod p if Jfe G" / 
— 1 mod p if Jfc G /. 

It is easy to see that the decomposition (|2.3.7|) holds. In order to see that C* is 
acyclic we define 

deg(x J dx/ 1 A • • • A dx Iq ) = \J\ + q. 
In this way we get a decomposition of complexes 

^A/Z (p) — @(^A/Z (p) )dcg=n, 
n>0 

where (fi^/ z )deg=n are the homogeneous forms of degree n. Clearly, for n G Z 
there exists an m (depending on n) such that 

(2.3.8) p m w G dfl* if dw = and deg(w) = n. 
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Let us prove that C* is acyclic. For ui G C^ eg=n with du; = 0, Cartier's Lemma 
implies U) = dr] + pcui . We can take r\ and u>i to be homogeneous of degree n and 
contained in C* . Again dui = and we conclude u\ = dr\\ +pcj 2 - Finally, we get 

m— 1 

i=l 

and (|2~3T8)) implies w S rfC*. □ 

3. COHOMOLOGY OF THE RELATIVE BIG DE RHAM-WlTT COMPLEX 

3.1. Reduction modulo powers of p. 

3.1.1. In order to simplify the notation we will use the following convention. If 
a prime p has been fixed then we will write W n for W/ij, p n-i\. For example, 
W n (A) is the ring of p- typical Witt vectors of A of length n. The goal of this section 
is to prove the following theorem. 

Theorem 3.1.2. Let R be an Stale Z( p )- algebra, let B be a smooth R-algebra, and 
let n,m be positive integers. Choose a W n (R)-free resolution 

rj^ y rj~i — 2 ^ rj-i — 1 ^ ^0 

ofW n (R/p m ). There exists a functorial quasi-isomorphism of complexes ofW n (R)- 
modules 

(3-1.1) Wn^B/z ®W n (R) T -»• W n n* {B/pmy{R/pm) , 

where the right hand side is the relative de Rham- Witt complex defined by hanger 
and Zink. In particular, we obtain an isomorphism 

(3.1.2) w n n* m ®^ n(R) w n (R/ P m ) ^ w n n* (B/pm)/(R/pm) , 

in the derived category of W n (R) -modules. 

More precisely, functoriality means that for any morphism A — ¥ B of R- algebras, 
the diagram 



W n ti* A/z ®W„(R) T WnSll A/pm)/{R/pm) 

is commutative. 

Remark 3.1.3. In view of Proposition 12.3.41 we have 

w n ti B/z = w n n B/Z(p) , 

the right hand side being the relative de Rham- Witt complex of Langer and Zink. 
The proof of Theorem 13.1.21 does not go beyond the methods of |LZQ4] . so that the 
theorem may be well-known but we couldn't provide a reference. 
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3.1.4. The importance of Theorem l3.1.2l for us comes from the comparison isomor- 
phism [LZ04| Theo rem 3.1] with crystalline cohomology. If X is a smooth scheme 
over R/p m then 

H\X,W n W x/[R/pm) ) = W((X/W n (R/p m )) crys ,O x/Wn(R/pm) ). 

Suppose that R is an etale Z( p ) -algebra. Then there exists a canonical ring homo- 
morphism 

p:R^R/p nm ^W n (R/p m ). 

Let X be a smooth scheme over R. The reduction X m — X<E) R R/p m has a canonical 
lifting to W n (R/p m ) defined by X<S>R, p W n {R/p m )- By the comparison isomorphism 
of crystalline cohomology with de Rham cohomology due to Berthelot-Ogus we get 

H l {{X/W n {R/p m )) crvsl O x/Wn{R/pm) ) = W dR {X ® RtP W n (R/p m )/W n (R/ P m )). 

In particular, if H dR (X j R) is a free i?-module then 

H\(X/W n (R/p m ))crys,O x/Wn{R/pm) ) - HhtiX/R) ® R , P W n (R/p m ) 

is a free W n (R/p m )-modu\e. 

Proof of Theorem \3.1.2\ We define the morphism (|3.1.1|) by 

w n n* B/z ® Wn (R) t ->• w n n* B/z ® Wn (R) w n (R/ P m ) -> w n ni B/pm)/Wpm) , 

using Proposition ^. 3. 4l and the functoriality of the relative de Rham- Witt complex 
of Langer-Zink. So that the functoriality of (|3.1.1[) is obvious. 

l.Step: The first step is the reduction to R = 1>tpy By [LZ041 Proposition 1.9] 
we have W n fl* B/pm y Wpm) = W n fl* B/pm y (z/pm y Lemma [L0IT3 implies 

W n (Z/p m ) ® Wn (z {p) ) W n (R) ^ W n (R/ P m ), 
and since W n (R) is etale over W n (Z( p )), we see that 

w n sr B/x ®V„ (Z(P)) w n (z/ P m ) -> w n sr B/z ®^ n(R) w n (R/ P m ) 

is a quasi-isomorphism. Thus we may suppose R — Z( p ) . 

2. Step: The second step is the reduction to B = Z^[xi, . . . , xj. We can use 
the to Proposition 12.2.71 analogous fact for the relative de Rham- Witt complex of 
Langer-Zink (which follows from [LZ041 Proposition 1.7]) in order to reduce to the 
case where there exists an etale morphism A — Z( p )[xi, . . . ,Xd] — > B. 

Note that p nm = in W„(Z/p m ). Since W n fl* B/z is p-torsion-free (Proposi- 
tion [2T3T6] and [233]) , we see that 

(3.1.3) w n n* B/z <„ (Z(P)) w n (z/ P m ) w n n B/ J P nm <„ (Z(p))/p „™ w n (z/ P m ) 

is a quasi-isomorphism. Clearly, morphism (|3.1.2|) factors through (|3.1.3|l . It will 
be easier to work modulo p nm , because dF p m — p nm F p m d vanishes modulo p nm . 
Set c = rim + n, we claim that 

(3.1.4) (w c (B)/ P nm ® Wc(A)/pn m w n n* A/ jp nm ,id®d) -». (w n n B/z / P nm ,d) 
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is an isomorphism of complexes. Note that VF c (j4) acts on W n Q* A / z /p nm via 

Wc(j4) — ^ — > W n {A), and therefore (|3.1.4[> is a morphism of complexes. Theorem 
11.0.141 implies that 

W C (B) ® WAA) M ■=> W n (B) ® Wn(A ) M, b®m^ F™{b) ® m, 

is an isomorphism for all W n (A)-modules M. Thus the claim follows from Lemma 
[2X61 

On the other hand, Lemma [1.0.171 shows that for every W n (A/p m )-mod\ile M 
the map 

W c (B)/p nm ® Wc (A)/ P ™ M ->■ W n (B/p m ) ® Wn{A/pm) M, b®m^ F; m {b) <g> m, 

is an isomorphism. This yields together with |LZ04[ Proposition 1.7] an isomor- 
phism of complexes 

(w c (B)/ P nm ® Wc( a)/ p ™ w n n* (A/pm)mpm) ,id®d) -> (w n n* {B/pm)/(z/pm)1 d). 

Finally, since W c (B)/p nm is etale over W c (A)/p nm , we are reduced to proving that 

w n n A/ j P nm <„ (Z(P))/ ^ w n (z/ P m ) w n n* (A/pm)m/pm) 

is a quasi-isomorphism. 

3. Step: Proof of the case A = B = Z( p ) [xi, . . . , xj\. In this case we know that 
the composition 

(3.1.5) Q* A/Zw ® Zw W n {1/p m ) -»■ ^„(A/ P ™)/i^(z/ P ™) ->■ W n n* (A/pm)/( y pm) 

is a quasi-isomorphism LZ04, Theorem 3.5]. Here the first morphism comes from 
some Frobenius lifting, which induces a ring homomorphism A — > W(A); the second 
morphism is the unique morphism of differential graded algebras that induces the 
identity in degree zero and is W„(A/p" l )-linear. We want to fix the first morphism 
as being induced by the A-structure A — » W(A) from Proposition 12 . 3 . 71 that is, the 
Frobenius lifting is simply given by 

Finally, we have a commutative diagram 

("Vz w ®^ w n (z iP) )) < n(Z(p)) t^„(z/ p ™) n^ /Zw ® Zw Wn(Z/p m ) 

lis 113.1.51 

W^W) — ^ A/pm)/(z/pm) . 

The left vertical arrow is a quasi-isomorphism because of Proposition 12.3.71 The 
upper horizontal arrow is a quasi-isomorphism because ; ( 8 , z (p) Wra(Z( p )) is a 

complex of flat W / „(Z(p))-modules. □ 

3.2. Finiteness. 

3.2.1. The goal of this section is to prove the following theorem. 

Theorem 3.2.2. Let R be an Stale Z-algebra. Let X be a smooth and proper 
scheme over R. The following holds. 

(i) For every finite truncation set S and non-negative integers i,j the coho- 
mology group H % (X,WsQ x /%) is a finitely generated Wg(i?) -module. 

(ii) For all i > dimX and j > 0, we have H l (X,W s ^ x/z ) = 0. 
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Via the Hodge-to-de-Rham spectral sequence we obtain the following corollary. 

Corollary 3.2.3. With the assumptions of Theorem \3.2.2[ the cohomology groups 
H l (X 7 WgfiW) are finitely generated Ws(i?) -modules. 

Our proof of Theorem 13.2.21 is a brute-force induction on the length of S ap- 
proach. But we hope that some of the introduced notions will become useful when 
studying the Hodge-to-de-Rham spectral sequence. 

Proposition 3.2.4. Let n be a positive integer. Let S, T be finite truncation sets 
such that S/n = {1} = T/n. Let X be a smooth scheme over Z. The following 
holds. 

(1) The morphism Wsfl^ z — > ^s\{n}^x/z * s surjective for all q. 

(2) Lf ' T C S then the natural map 

ker(W s ^ /z -> W SX{n} n q x/z ) -> kcr(W T ^ /z -> W n{B} fi«. /z ) 

is an isomorphism. 

Proof. Note that S/n = {1} is equivalent to <S'\{n} is a truncation set. 
If A — > B is an etale ring homomorphism then 

W S B ® WsA W SX{n} A ^ W s \ { n}B, 

by Lemma 11.0.151 So that we can reduce in view of Lemma 12.2.61 to the following 
statements: 

(1) The map 

is surjective. 

(2) The map 

ker(W s Q« [xii _ Xd]/z -> ^s\ {n} ^l [xu ..., Xd]/z ) -> 

ter(W r fi« [xi) ... iX4]/z -> W nw O« [xii ... iX(i]/z ) 

is an isomorphism. 

After fixing a A-structure on Z[x%, . . . ,x#] and by using Theorem 12.2.121 we have 
W stt 9 z[xi ,..., Xd] /z = Tikes n l{ Xl ,..., Xd ]/z( k ) and both statements become obvious. 
The module which is defined by (2) is simply O^r Xd \/z( n )- 

In the following we suppose that X is a smooth scheme over Z. 

Definition 3.2.5. Let n be a positive integer. For all q, we define 

W {n} n x/Z := kcr(W s ^ /z -> W SUn} ^ /z ), 

where 5 1 is a finite truncation set with S/n = {1}. 

In view of Proposition 13.2.41 the definition is independent of the choice of S. 
Moreover, we obtain a short exact sequence: 

(3.2.1) o -> w {n} n« m -> w s ^ /z -> w SUn} ^ /z -> 0. 

It follows that if / : Spec(-B) — > Spec(A) is etale then 
(3.2.2) 

F(Spec(B), W {n }^| pcc(s)/Z ) = r(Spec(A), W { „}il| pcc(A)/z ) <8>w s (A) 
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3.2.6. The morphism 
factors through W{„jf2^, z and we define 



v n :si* x/z ^vrsn* x/z 



Ql.x ■= coker(^ /z W {n} il q x/Z ). 

Note that if we let Ws(Oj) act on & x i z via F„, then we get an exact sequence of 
W 5 (Ox)-modules 

(3.2.3) -y W w ^ /Z Q« (X -> 0. 
Again this implies 

(3.2.4) r(Spec(B), Q«, Spec(B) ) = r(Spec(^), Q* iSpoc(>1) ) ®w s( A) W s (fl), 

provided that / : Spec(I?) — > Spec(A) is etale. 

Obviously, Q° x — for all n. If A is a A-ring then Theorem 12.2.121 yields 

(3.2.5) r(Spec(A),g 9 _ ,.,) = — — m r . 

' tSi A/Z 1 1 U "A/Z 

In particular, x is an n-torsion sheaf. 

Lemma 3.2.7. Let m,n be positive integers such that m \ n. Let q be a non- 
negative integer. The morphism 

Vn_ 

Qm,X "^"^ Qn,X 

is infective and has x as * ma <? e - In particular, if n = YiiPT * s ^ e P r i me 

decomposition then 

i 

Proof. By using base change for etale morphisms (|3.2.4I) this follows immediately 
from (p03|) . □ 

3.2.8. The morphism 

(3.2.6) WJ Z Ql >x 

is compatible with the Ws (Ox) -module structures, because 

dV n (F n (a)uj) = d(aV n (u])) 

— da ■ V n (u>) + a ■ dV n (uj) 
= V n (F n (da)uj) + a ■ dV n (uj) 
= a-dV n (uu) mod 

Therefore we can show by reduction via etale maps and (|3.2.5[) that (|3.2.6p is 
surjective. In particular, we obtain a surjective morphism 

T p -n : ^x®f p — * Qp n ,x I PQp n ,x ■ 



DE RHAM-WITT COHOMOLOGY 



33 



Proposition 3.2.9. Suppose that X is a smooth scheme over Z. Let p be a prime. 
For all positive integers n, q the sequence 

O^fi 9-1 C "> f^ 1 IB n q ~ x ^rO q lvO q ^0 

is exact. 

Proof. Recall from [Hl79l p.519] that we have the inverse Cartier operator at our 
disposal: 

C 1 : ^x®¥ P ~~ ^ ^x^Vp/^xm P - 

The subsheaf -B„f2^gJ Fjj of Sl^ Fp is defined by 

n-l 
z=0 

(cf. |I11791 p. 519]). If we let Ox®¥ p act on ^^ Fp via Frob", where Frob is the 
absolute Frobenius, then BnW^^ is a locally free Ox-module of finite rank |I1179[ 
Proposition 2.2.8]. We have an injective map 

(3-2-7) ^X®F P > ^X®F P /-^™^X«)F P 

that has Z n n q ~^ ¥ JB n n q ~^ ep as image p79l (2.2.5)]. 

Set S = {l,p,p 2 , . . . ,p n }; the Wj (Ox) -module structure on the source of T p n is 

by construction induced via Ws( Ox) Ox Ox®¥ p which equals Ws( Ox) pr ° J > 
O x -> Ox«.f p — — ► Cx«.Fp- Therefore S„fi^ 8F is a Ws(0x)-submodule. Giv- 
ing the source of ggTr) the Ws(Ox)-module structure via W s (O x ) ^> O x -> 
Ox«)Fp makes (13.2.71) to a morphism of Ws(Ox)-modules. 

Certainly it suffices to prove that for all X — Spec(B) that admit an etale 
morphism X — > Spec(Z[a; 1 , . . . , xj]) the following holds: 

• V : fi^ -> r(X, Ql :iX )/pT{X,Ql n>x ) factors through T(X,B n tf£^), 

• the following sequence is exact: 

o -> ^ n flOT,/ r ( x . B ™"F®Fp) ^ r(x, Q^ x )/ P r(x, q*„ x ) o 

Set A = Z[xi, . . . , Xd\; in order to reduce both statements to A we need (|3.2.4[) and 

(3-2.8) W S (B) ® Ws( A),proj ^Fp = fi^OTp 

(3-2-9) w s (B) ® Ws{A) , F , n«~V p * n^ Fp 

(3.2.10) W S (B) ® Ws(A) r(Spec(A), B^^^) = r(Spec(S), S„0^ Fp ). 

The isomorphism (|3.2.8p follows from Ws(B) <8>w s (A), P roj A = B (Lemma ll.0.15[) . 
The isomorphism (|3.2.9|l follows from Ws(B) ®w s (A),f™ A = B (Theorem [LOTlJ • 
Finally, the isomorphism (|3.2.10[) follows from 

Ws{B) <8>Ws(A),_f p " M = B/p (X>A/ P ,Frob" Af, b ® m i-> proj(fe) ® m, 

for every A/p-module M, and [I1179[ (2.2.7)]. Thus we may assume A = B = 
Z[xi, . . . , Xd] and we can choose a A-structure. 
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Using (|3.2.5p the map r p ™ is given by 



dtt q 



'AigiFp 

where w is some lifting of oj. We have 

n-l 

r(Spec(A), B„n*;i (A8Fp) ) = image(£ F^l) 

i=0 

n-l 

r(Spec(A), Z„fi|^ A8Fp) ) = image(F;n A ^) + image(£ ^dfi^). 

i=0 

Therefore the statement is implied by Lemma T2. 1.51 □ 

Proof of Theorem 1 3. 2. 2\ Note that Ws(R) is a noetherian ring. We prove the claim 
by induction on the length of S; set n = max(S'). By using the short exact sequence 
(13.2.11) we reduce to the same statement for W{ n jf2^y z . In view of the short exact 

sequence (|3.2.3I) and the surjectivity of Ws(R) — ^ R it suffices to prove the same 
statement for Q 3 nX - Moreover, we used that H dlmX (X 7 & x / z ) — 0, because the 
relative dimension of X over R equals dimX — 1. 

Lemma 13.2.71 implies Q 3 n x = Y\ k Q 3 » k „, if n = Y\ k P^, k , and the short exact 
sequence 

-> _! % QK h Y -> Q J „ fc v /pQ J ', fe v 0. 

Thus we are reduced to consider Qp„ x /pQ 3 p „ x with p a prime. Finally, Proposition 
13.2.91 and the fact that B n VL 3 x ^ ¥ are locally free Ox®F p -modules via the Frob n - 
action imply the claim. □ 

Proposition 3.2.10. Let R be an etale TL-algebra. Let X be a smooth and proper 
scheme over R. Let S be a finite truncation set. Let {E/j}j e j be a finite covering 
of X by affine open subschemes. We denote the Cech cohomology with respect to 
{Ui}i<zi by H*({Ui\,—). The following holds. 

(i) For all i, q: 

H'dUihWs^) = ff*(X,W s fi^ /z ). 

(ii) For all t: 

H t ({u i },w s n x/z ) = H t (x,w s n x/ z). 

(iii) The natural morphism of complexes 

S (®io^S^T(u iot o)/Z ~^ ®ia<ii"^ S^T(U, nU il ,0)/I, ~* ' ' ' ) -> ^r(w s ^ /z ), 
where s(-) is the associated simple complex, is a quasi-isomorphism. 

Proof. Statement (i) can be proved by the same arguments that has been used in 
the proof of Theorem 13.2.21 The assertions (ii) and (iii) follow easily from (i) . □ 
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Corollary 3.2.11. Let R be an etale Z-algebra. Let X be a smooth and proper 
R-scheme. Let p be a prime, and let n, m be positive integers. There is a natural 
quasi-isomorphism of complexes of W n {R ®z^( p ))-modules: 

RT(W n Q x/z ® z Z (p) ) ®"w n{mM W n (R/ P m ) RT(w n n* x ^ RR/pm/(R/pm) ). 

Proof. In view of Theorem 13.1.21 the claim follows from Proposition 13.2. lUT iii) and 
the analogous statement for the relative de Rham-Witt complex (over R/p m ) of 
Langer-Zink |LZ04| Section 1.4]. □ 

3.3. Flatness. The goal of this section is to prove the following theorem. 

Theorem 3.3.1. Let R be an etale H-algebra. Let X be a smooth and proper R- 
scheme. Suppose that the de Rham cohomology H^ R (X / R) of X is a flat R-module. 
Then H*(X, W s^ x /i) * s a finitely generated projective Ws(R)-module for all finite 
truncation sets S . 

Since Ws(R) is a noetherian ring and we know that H*(X, Ws^* x /z) 1S a finitely 
generated Ws (-R)-module fCorollary |3.2.3p . it remains to show that it is flat. This 
is a local property and can be checked prime by prime. Our proof relies on Theorem 
13.1.21 or. more precisely, Corollarv l3.2.11l 

Lemma 3.3.2. Let R be an etale 1-algebra. Let m be a maximal ideal of R, and 
let n be a positive integer. Set p — char(i?/m). Then W n (R m ) — > W n (UgX R/m 1 ) is 
faithfully fiat. 

Proof. Note that mR m = pR m . By Lemma [1 .0.271 W n {R m ) is a local ring with 
maximal ideal ker(W n (R m ) — > R/m). Moreover, W n (R m ) is a noetherian ring. 
We will show that W n ( fini ^ R/m l ) is the p-adic completion of W n (R m ): 

(3.3.1) WnilimR/m 1 ) = hm W n (R m )/p\ 

i i 

which proves the flatness. Furthermore, the maximal ideal of W n (R m ) is the 
preimage of kei(W n (]^m i R/m 1 ) — > hm^ R/m l — > R/m) for the ring homomorphism 
W n (R m ) — > W n (\im. R/m 1 ), hence the morphism will be faithfully flat. 
In order to prove (13.3.11) we need to show that 

(3.3.2) -> R m /p l ^ W n (R m )/ P l W n ^(R m )/ P l 

is an exact sequence for all i. It remains exact after taking hm., because R m /p l is 
a finite set. Therefore (|3.3.1|) will follow by induction on n. 

Suppose x e R m satisfies V p n (x) = p l y for some y G W n (R m ). Since W„_i(i? m ) 
is p-torsion free, we get y — V p n (z), hence x — p L z. This shows the exactness of 
(15X21 . ' □ 

Lemma 3.3.3. Let R be an etale "Z-algebra. Let m be a maximal ideal of R, let 
n be a positive integer, and set p = char(i?/m). Let C be a bounded complex of 
W n (R m ) -modules such that H l (C) is a finitely generated W n (R m )-module for all i. 
Then, for all i, 

H\C) ® Wn{Rm) W n (]^R/mi) £* (c 0^ n(Rm) W n (R/m j )) . 

3 3 
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Proof. Set R := R/m j . The map is induced by C -> C ®w n{Rm) W n (R/vn?) 
and the W n (i?)-module structure on the right hand side. 

As a first step we will prove that H l (g) 1 ^ ^ R j W fl (iZ/m-')^ is a finite group. 
Clearly, we may assume that C = Co is concentrated in degree 0. Since Cq is 
finitely generated we conclude that Tor^^^Co, W n (iJ/m J ')) is a finitely gener- 
ated W„(i?/m- 7 )-module for all i. The ring W n (R/mP) contains only finitely many 
elements, hence 

H ^(C ®w n (R m ) W n (R/xa j )) = Tor^Co, W n {R/xo?)) 

is finite. 

By using Lemma 13.3.21 and the first step (all R 1 vanish) we can reduce the 
assertion to the case of a complex C — Co that is concentrated in degree zero (hence 
Co is finitely generated). In this case we need to show: 

(a) C ® Wn (R m ) W n (R) A ]jm.(Co ®w n (R m ) W n (R/m^)), 

(b) Jjm. Tor, (C , W n (R/m j )) = for alH > 0. 

For claim (a) we use that W n {R) — lim . W„(i? m )/p J , which has been already used 
in the proof of Lemma 13.3.21 The natural map 

C ®w n (R m ) W n {R m )/p> n -> C ®w n (R m ) W n (R/xa j ) 

is surjective and yields a surjective map 

lim(C ® Wn (R m ) W n {R m )/p>) -> lim(C ®w n (R m ) W n (R/m j )) 

3 j 

(again the R 1 hm vanish) . Since C ® Wn ( Rm) W n (R) = liny (C ® Wn (R m )W n (R m )/p>), 
we conclude that the map in claim (a) is surjective. Then it is easy to prove that 
it is an isomorphism by using the flatness of W n (R m ) — > W n (R). 

Claim (b) follows from (a) and the flatness of W n (R m ) — > W n (R). □ 

Proposition 3.3.4. Assumptions as in Theorem \3. 3.11 Let m be a maximal ideal 
of R, let n be a positive integer, and set p = char(i?/m). For all i, we have an 
isomorphism 

(3.3.3) H\X, W n n* x/Z ® z Zp) ® Wn (Rm {p) ) W n (^mR/m^) ^ 

j 

hm£P(X ® R R/m\ W n 9. XtgiR{R/m])/[R/mJ) ). 

3 

Proof. Let U — > Spec(i?) be an open subscheme, set Ru ■— T{U,0). If m 6 U 
then the target of (|3.3.3|) is the same for R and Ru ■ For the source we have to use 
Lemma \2 . 2 . 61 and Corollarv ll. 0.161 in order to see that it is also the same for R and 
Rjj. Therefore we may remove all points of Spec(i?) that are different from m and 
are lying over p. In other words, we may assume that m = pR. 

In view of Corollary 13.2.31 and Corollary 13.2.111 the claim follows from Lemma 
15X31 □ 
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Corollary 3.3.5. Assumption as in Proposition \ 3.3.J\ For all i we have an iso- 
morphism 

W{X,W n n* x/z ® z Z (p) ) ® Wn (Rm (p) ) W n (^mR/m 3 ) ^ 

i 

H dR {X ® R R m /R m ) ® Rm W n {^mR/m j ). 

3 

Proof. Although in general there is no ring homomorphism R m — > W n (R m ), note 
that we have ct ring homomorphism Rxn 

— > W„(lim . R/m?) induced by the Frobenius 

lifting on Um R/m 3 . 

As in the proof of Proposition I3.3.4) we may assume that m = pR. We set 
R' = R ®z Z( p ). We use Proposition 13.3.41 to rewrite the left hand side as a 
projective limit. As explained in Section [3.1.41 we have a comparison isomorphism 
with de Rham cohomology 

H\X ® R R/p>,W n n x ® RR/pj/(R/pj) ) - H dR {X ® R R'/R') ® R , W n (R/p>), 

which yields 

limIT(A ® R R/p>, W n n* x ® RR/pl/{R/p]) ) = 

3 

H dR {X ® R R'/R') ® R , WnQjm R/jP), 

3 

because the de Rham cohomology is finitely generated. □ 

Proof of Theorem \3. 3.1\ Without loss of generality we may assume that R is in- 
tegral. It suffices to show the flatness of H l (X,Ws^* x / z ) when considered as 
a Ws(i?)-module. This can be checked after localizing at maximal ideals. By 
Lemma ESSI it is sufficient to show that H*(X, W s fi^ /Z ) ®w s (R) W s (i? ® Z (p) ) 
is a flat Ws(R ® Z( p ))-module for all primes p such that pR ^ R. Recall that 
Ws(R ® Z(p)) = Ws(R) ®i Z(p) (Lemma [LOU), hence 

W(X,W s n* x/z ) ® WsiR) W S (R®Z (P) ) = ff ! (I,W s ^ /z ® Z(p)). 

By using the decomposition of WsCl x , z ® Z( p ) from Proposition 12.3.11 together 

with Corollary II .0.221 we may assume that S is p- typical, say S — {l,p, . . . 

Since R is integral and pR ^ R, every maximal ideal a of W n (R ® Z/ p )) is the 
form 

o = ker(W n (R ® Z (p) ) R ® Z (p) -> R/m), 
for a maximal ideal m of R, thus W n (R ® 1iu>))a = W n (R m ) (Lemma ll.0.27[) . 

By assumption, H dR (X ® R R m /R m ) = H l dR {X/R) ® R R m is a free i? m -module. 
Therefore Lemma T3. 3. 21 and Corollarv l3. 3.51 imply the claim. □ 

Corollary 3.3.6. Assumptions as in Theorem \3.3.1\ Let m be a maximal ideal of 
R, and set p — char(i?/m). Let n, j be positive integers. The natural map 

H\X, W n n* x/Z ® z Z (p) ) ®w n {m% w ) W n (R/m j ) -> 

W(X ® R (R/m j ),W n n X0R{R/mjmR/mj) ) 

is an isomorphism for all i. 
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Proof. As in the proof of Proposition l3.3.4l we may assume that m = pR. The claim 
follows immediately from Corollary 13.2.111 and Theorem 13.3. II □ 

Proposition 3.3.7. With the assumptions as in Theorem \3. 3. 1\ If T C S is an 

inclusion of finite truncation sets then 

w T (R) ® Ws( fl) H\x,w s n* x/Z ) -> H l (x,w T n* x/z ) 

is an isomorphism for all i. 

Proof. Arguing as in the proof of Theorem 13.3.11 we have to show that 

(3.3.4) W T (R m ) ®w s (R®z (p) ) H\X,W s n* x/z ®zZ w ) 

-> W T (i? m ) ®w T (Rm iP) ) H l {X,W T n* x/z ® Z Z (p) ) 

is an isomorphism for every maximal ideal m of R and (p) = m PI Z. Again, we can 
reduce to the case where S is p-typical. 

Now, WriRm) is a local ring, hence (|3.3.4|) is a morphism of free modules of the 
same rank, that is rk H dR (X g) R m / R m ) (Theorem l3.3.11 Corollarv l3.3.5j) . Therefore 
it is enough to prove the surjectivity of (|3.3.4j) modulo the maximal ideal. Via 
Corollarv l3.3.5l both sides agree with H dR (X®n(R/m)/ (R/m)) modulo the maximal 
ideal, and the map is simply the identity. □ 

3.3.8. For all positive integers n and all finite truncation sets we set 

(3.3.5) 0„ = n*F n : W s f^ /Z -»• W s/n Q x/z , 
to get a morphism of complexes 

w s n x/z Hw s/n n x/z . 

Suppose that dim A = d+1. Then we set 

/3 n = n d - q v n ■. w s/n n q x/z -> w s n^ /z 

(note that Wsfi^ z = if q > d, because this vanishing result holds for X = A| 
in view of Theorem I2.2.12|) . We obtain a morphism of complexes 

p n : w s/n n* x/z -> w s n x/z , 

satisfying the equalities: 
<^°/3„ = n d+1 , 

/3«(A ■ 4> n {x)) = n d V n (X) ■ x for all x e W s ^ x/Z and A e W s / n £l x/z . 
We will study the {<fr n }n>i operations induced on the de Rham-Witt cohomology 

s ^ H*(x,yf s n* x/Z ), 

for a smooth and proper scheme X over Z[A _1 ] in Sectional 
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3.3.9. Let X be an i?-scheme such that the assumptions of Theorem 13.3.11 arc 
satisfied. Fix a maximal ideal m of R. Again, define the prime p by (p) = m n R. 

On the one hand we have the W(R ® Z( p ) )-module fim H* (X, W n Ct x , z ®% Z( p ) ) 
together with the <p p endomorphism induced by (13.3.51) . On the other hand we have 
the classical de Rham-Witt cohomology lirn^ H* (X ® R R/m, W n £lx® R (R/ m )/(R/m))> 
with its </> p -action, which only depends on the fibre of X over R/m, and is a 
W(i?/m)-module. 

It is important for us to compare this modules together with the </> p -actions, 
and the next lemma shows that after passing from R m to the completion R := 
lim R/m n , this can be done in an evident way. 

Lemma 3.3.10. For all i, there is an isomorphism 

(3.3.6) limW(X ® R R/m, W n n x ® R{R/m)/(R/m) ) ® w(n/m) W{R) 

n 

-> HmiT(X, W n fl* x/Z ® z Z (p) ) ® w(Rm(p)) W(R), 

n 

which is compatible with the <f> p ® F p -endomorphisms on both sides. 

Proof. Without loss of generality we may assume that R is integral. Set r := 
Y&nk{H l dR {X/R)) 7 k := R/m, and X := X ® R k 

By Theorem 13.3.11 and Corollary 13.3.61 we conclude that H % {Xo, W n Cl Xo , k ) is a 
free W / Il (fc)-module of rank r. Every basis of H % (Xq, W n Cl Xo , k ) lifts to a basis of 
H l (X , W n +i^ Xo / k ), hence lim^ H 2 (X Q , W n Q Xo / k ) is a free W(k)-modvle with 

limH l (X 0l W n n Xo/k ) ® w(k) k = H l (x ,n Xa/k ). 

n 

The ring W(R) is a local ring with maximal ideal a := ker(W(R) {1} > R — > 
k). The left hand side of (|3.3.6|) is a free VF(i?)-module of rank r with reduction 
H l (X ,£l* Xo / k ) modulo a. 

Similarly, by using Lemma [1.0.27[ we conclude that lim H l (X, W„f2^y z <8>zZ(p)) 
is a free W(R ® Z( p ))-module of rank r, and the reduction of the right hand side of 
(|3.3.6P modulo a is given by H Z (X, £l* x/z ®i Z (p) ) ® Rm{p) k = H l (X , fl* Xo/k ). 

Therefore it suffices to construct the map (|3.3.6p . to show that it is an isomor- 
phism modulo a, and to check the compatibility with (f> p ® F p . 

Clearly, we have W(R) = hm^ W n (R/m n ), and it follows easily that the left 
hand side of (|3.3.6p is the limit 

Urn (h\X , W n *Q Xo/k ) ® Wn2(k) W n (R/m n )) , 

n 

whereas the right hand side is the limit 

hm (H%X, W n Sl x/z ® Z (p) ) ® Wn(mZ(p)) W n {R/m n )) . 

n 

From now on, we will use the notation X n _i := X (E)r R/m n and identify 

H\X,W n n* x/z ®Z {p) ) ® Wn (Rm M ) W n (R/m n ) = w(x n ^,w n n Xn _ i/(R/mn) ) 
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(Corollarv l3.3.6|) . The comparison isomorphism [LZ04, Theorem 3.5] yields 

(3.3.7) H\X , W n ,W Xo/k ) - Hi rys (X /W n z(k)), 

(3.3.8) H\X n ^,W n n* XniKR/mn) ) = W crys (X n ^/W n (R/m n ))- 

In (|3.3.8p the crystalline cohomology is taken with respect to the pd-ideal / := 

ker{W n (R/m n ) R/m n ), in (|3X7)) with respect to pW n z(k). In order to avoid 

confusion we will use the notation H l crys (X n ^i / (W n (R/ m n ) , I)) in the following. 

The ring homomorphism W n i{k) — > W n (R/m n ), which is induced by the Frobe- 
nius on W(k), yields a commutative diagram 



(3.3.9) X X Q 

Spec(W n (R/m n )) Spec(W„ 2(fe) ). 



We obtain a map 



(3.3.10) W crys (X /W n ,(k)) -> Hi rys (X /(W n (R/m n ),I+ (p))) 

A Hl rys (X n ^/(W n (R/m n ),I + (p))), 

where we have used |BQ781 Theorem 5.17] for the last isomorphism. The pd-ideal 
/ + (p) is an extension of / and (p) . The evident morphism 

r, : Hl ys (X n ^/(W n (R/m n ),I)) W crys (X n ^/(W n (R/m n ), I + (p))) 

is an isomorphism, because both cohomologies identify via the comparison with 
de Rham cohomology to H % dR {X ® R W n (R/m n )/W n (R/m n )). The composition of 
(|3.3.10[) with 77" 1 yields the desired map 

H*(X ,W^Sr Xo/h ) <E> Wn2{k) W n (R/m n ) -> w{x n ^,w n n Xni/{R/mn) ). 

After passing to the limit we obtain (13.3.61) . Modulo a, it is simply the identity, 
hence it remains to prove the compatibility with <p p . 
The commutative diagram 



Xn 



Frob 



X 



Spec(W„_i(i?/m n )) 



Spec(W n (fl/m n )) 



induces a morphism 



Frob* : H* rys (X /(W n (R/m n ),I+ (p))) -> Hl rys {X Q /{W n . x {R/m n ), I + (p))). 
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Obviously, the diagram 
(3.3.11) 



Hl rys (X /W n2 (k)) vi&mB > Hi rys (X /(W n (R/m n ), I + (p))) 



Frob* 

H* s (X /W n *(k)) 



Frob* 

fl^.(X /(W B _ 1 (ii/m»V+(p))) 



ria 113.3.91 



H l crys (X /W (n _ 1)2 (k)) ^^^ s (X /(W r n _ 1 (i?/m"- 1 ),/ + (p))), 

is commutative. Moreover, [LZ041 Proposition 3.6] implies that 

^„ s (X /(W n (ii/m n ),/ + (p))) — ^ H l {X n ^, W n n* Xn i/{R/mn) ) 

Frob* 



^.(JTo/fWn-iWm"), / + (p))) 



flj r „ 8 (X /(W n _i(ii/m n - 1 ),/ + (p))) 



/f < (X n _ 1 ,W„_ 1 fi^ n _ i 



/(H/m») 



iP(X„_ 2 ,W n _ifi 



X„_ 2 /(/i/m"-i)) 



is commutative. Furthermore, we have a similar commutative diagram for the left 
column of p. 3. lip and the de Rham-Witt cohomology of Xq. This completes the 
proof. □ 

4. Values of the big de Rham-Witt cohomology 
4.1. A rigid (^-category. 

Definition 4.1.1. Let R be an etale Z-algebra or Z( p ) -algebra, where p is a prime. 
We denote by C' R the category with objects being contravariant functors 5 n> Ms 
from finite truncation sets to sets together with 

• a Ws(i?)-module structure on Ms, for all truncation sets S, such that the 
maps Ms —> Mt, for T C S, are morphisms of Ws(i?)-modules when Mr is 
considered as a Ws(i?)-module via the projection tt t : Wg(i?) — ► Wt(R), 

• for all positive integers n and all truncation sets S, maps 

: M s -> M s/ 

n * 

such that 

— 4>n O 4>m = 4>nm for all 71, 771, 

— 4> n is a morphism of W$ (-R)-modules when M s / n is considered as a 
W S (.R) module via F n : W s (i?) -> W s/n (R), 

— for all truncation sets T C S the following diagram is commutative: 



M 



S/r. 



M 7 
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The functor S i— > Ms is required to satisfy the following properties. 

• For all truncation sets S, the Ws (i?)-module Ms is finitely generated and 
projective. 

• For all truncation sets T C S: 

W T (R) ® Ws (fl) M s -> M T 

is an isomorphism. 

• There is a positive integer a such that there exist morphisms 

(4.1.1) n : M s/n -> M s , 

for all positive integers n and all finite truncation sets S, satisfying the 
following properties: 

— j3 n is a morphism of Ws(i?)-modules when Ms/ n is considered as a 
Ws(-R) module via F n : W s (i?) W s/n (fl), 

- /3 n (A • ^(aj)) = n°- 1 K,(A) • x, for all x G Ms, A G W s/n (i2), 

Morphisms between two objects in C' R are morphism of functors that are compat- 
ible with the [S n- Ws(i?)]-module structure and commute with <j> n for all positive 
integers n. 

Remark 4.1.2. Note that the j3 n are not part of the datum; we can always change 
j3 n i — ^ n b /3„ for a non-negative integer b. 

Proposition 4.1.3. Let M G ob(C^). Let S be a finite truncation set. Fix a > 
and f3 n as in \4-l-l\ 

(1) For all positive integers n, m with (n, m) = 1 me /lave 

<j>n ° /3m = /3m ° 0n , 

considered as morphisms M s / m —> Ms/ n . 

(2) For a/Z positive integers n, m we have 

Pn ° /3m — Pnmi 

considered as morphisms M s / nm — > Ms- 

(3) For a/Z truncation sets T C S the following diagram is commutative: 

M s/n M S 
M T/n -^-»- M T . 

Proof. In any case Ws(R) is torsion- free and thus Ms is torsion- free for all finite 
truncation sets S. 

For (1). Since image(0 m ) D m a Ms/ m it is sufficient to prove 

<Pn ° /3m O 0m = /3m ° </>n ° 0m- 

This follows from /3 m o c/) m = V rn (l)m a ~ 1 and 4> n o m = </> m o </>„. 
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For (2). We may argue as in (1) by composing with o<f> nm . 

Pn° An ° (f>nm(x) = /3 n (V m (l)m a ~ 1 <j) n (x) ) 

= m a - 1 n a - 1 V nm {l)x 

— ftnm O (frnm (^) • 

For (3). We may argue as in (1) by composing with o<fi n . The computation is 
straightforward. □ 

Lemma 4.1.4. Let f : M — > N be a morphism in C' R , and choose a positive 
integer a and &M, n , Pn.u as in Then f s o fht , n = Pn.u ° fs/n f° r a ^ S, n. 

In particular, the choice of the j3 n in Definition depends only on the positive 
integer a. 

Proof. Again, we may use that Ms is torsion-free. Now, 
n a /3 n f(x) = p n (f(n a x)) = /3„ (/(</>„/?„ (x))) 

- Mnf{Pn{x)) = n a - 1 F n (l)/(^(x)) 

= /(n°-V n (l)/3 n (a;)) = f(MnPn(x)) = n a f ((3 n (x)) . 

□ 

Proposition 4.1.5 (Tensor products). For two objects M,N in C' R we set 

(M <g> N) s := M s ®w s (R) N s, <An ■= <t>M,n ® (j>N,n- 
Then M <g> N defines an object in C' R . 

Proof. This is a straightforward calculation. We can take @M®N,n — @M,n ® Pn,ui 
because for all x € Mg/ n , V & N s / n and A £ Ws/„(i?) we have 

Avf,n(Ax) ® Pn, n {y) = /3M,n(z) ® PN,n(ty) 

^ ^Af,n(-Fn(^n(A))a;) ® |8 W ,„(l/) = P M ,n{ X ) ® P N ,n{F n {V n (\))y) 

<=> V n (\)P M<n {x) ®/3 N:n (y) = p M ,n(x) ® V n (\)P N>n (y). 
Moreover, if (f>M,n ° 0M,n — n<1 an d (j)N,n ° Av> — ft then 

(<?W,n ® 07V,n) ° (/?M,™ ® Av,n) = "- Q+6 , 
(/?M,r» ® Pn,u) o (\(f>M,n ® ^AT,n) = K(A) K (l)n a+b ~ 2 = V^(A)n a+6_1 . 

□ 

The tensor product equips with the structure of a (^-category with identity 
object 1, where 

l s :=W s (i?), 4>x,n = F n . 

Definition 4.1.6. (Tate objects) Let & be a non-negative integer. We define the 
object 1(— b) in C' R by 

l(-6) s := W s (i?), 0i(_ 6 ), n = n b F n . 

For an object M in C' R , the modules M5 are torsion-free, hence 

Hom ck (A/,iV) A Hom c ^(M ® l(-6), JV ® l(-6)) 
is an isomorphism. 
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Definition 4.1.7. We denote by Cr the category with objects M(b), where M is 
an object in C' R and b £ Z. As morphisms we set 

Hom CH (M(6 1 ), N(b 2 )) = Hom^M ® lfo - c), JV ® 1(6 2 - c)), 

where c £ Z is such that b\ — c, 62 — c < 0. 

The category Cr is additive and via M 1— >• M(0) the category is a full sub- 
category of Cr. For M £ C' R , we have M(—b) = M <E> 1(— b) if 6 is non-negative. 
For an integer 6, the functor 

Cr^Cr, M(n)^M(n + b) 

is an equivalence and has M(n) 1— > M(n — 6) as inverse functor. 
For M(bi),N(b 2 ) in C B we set 

M(h) <8 7V(6 2 ) := (Af <8 iV)(&i + 6 2 ). 

The tensor product equips Cr with the structure of a 0-category with identity 
object 1. 

4.1.8. Internal Horn. The reason for introducing the new category Cr is the internal 
Horn construction. 

Let M,N be two objects in C' R , fix positive integers clm^n and fin,M > Pn,N as 
in (14.1.11) . In a first step we are going to define an object Hom 'fAf, N) in C' R that 
depends on the choice of cim- We set 

Hom'(M, AOs : = Hom Ws(i?) (M s , J\fe). 

We note that 

Hom Wg(fl) (Ms, Ns) ®w s (ii) W T (i?) Hom WT(iJ) (M r ,iV T ), 
since Mg is locally free. We define 

0„ : Hom Ws(fl) (Ms,Ns) -> Hom Ws/ii(fl ) (M s /„, iVs/n) 

0n(/) : = 4>n° f ° fin- 

This definition depends on ajw. It is easy to check that Hom '(M, N) is an object 
in C' R (take /?„(/) := /3„ o / o </>„ and a = clm + ajsr). We set 

(4.1.2) Hom fM, N) := Hom 'fM, N)(a M ) 

as an object in Cr. In view of Lemma [4.1.41 this definition is independent of any 
choices. For two objects M(pi), N(b 2 ) in Cr we set 

Hom (M(bi),N(b 2 )) := Hom(M, N)(b 2 - h). 

4.1.9. For three objects M,N,P in Cr we have an obvious natural isomorphism 

Hom(M <g> N, P) = Hpm(M, Hom(7V, P)) . 
Proposition 4.1.10. For objects M,N in Cr we have a natural isomorphism 
Hom(l, Hom(M, N)) -> Hom(M, N). 
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Proof. We may assume that M, N G C' R . Fix am and (3 m, n as in (|4.1.1j) . We need 
to show that 

Hom(l(-a M ), Horn' (M,N)) = Hom(M, N), 

and know that 

Hom(l(-a M ),Hom'(Af,^)) = {[S ^ f s ] \ f s ®w s (R)^T(R) = h for all T C S, 

4>N,n ° fs ° 0M,n = n aM f S /„ for all S*, n.} 

Since 4>M,n{Ms) D n aM M s/n we have 

4>N,n ° fs ° pM,n = n aM f S / n <^ ° /s ° /?M,n ° 4>M,n = n aM f S /n ° 0M,n 

&v,n o / s o n aM - x y„(l) = n OM / s/n o 4> M!n 
n aM cj> N , n of S = n aM f s/n o (j) Mtn 

<t>N,n ° fs = /s/n ° <?W,n- 

□ 

For M £ Cr we define the dual by 

M v := Hom (M,l). 
It equips Cr with the structure of rigid €3-category. We have 

M v <g> iV = Hom(M, AT). 

4.1.11. Our motivation for introducing Cr comes from geometry. 

Proposition 4.1.12. Assumptions as in Theorem 1 3. 3. li For all i > the assign- 
ment 

S^H*(X,Wsn* x/z ), n^<t>„, 

defines an object in C' R . 

Proof. Theorem 13 . 3 . 1 1 implies that these modules are projective and finitely gener- 
ated. For the construction of <fi n and (3 n see Section l3.3.8l Together with Proposition 
13.3.71 this proves the claim. □ 

Definition 4.1.13. Let X — > Spec(i?) be a morphism such that the assumptions 
of Theorem 13 . 3 . 1 1 are satisfied. For all i, we denote by H l dRW {X/ R) the object in Cr 
that is given by S H> iP(X,W s O* ) (Proposition |4JJJ2|). We call H* RW (X/R) 
the (big) de Rham-Witt cohomology of X. 

Lemma 4.1.14. Let X — > Spec(i?) be a morphism such that the assumptions of 
Theorem \3.3.1\ are satisfied. Set d := dmiX — 1. Then 

H dRw( x / R ) = f° r al1 * > 2d - 

Proof. We know that ^s^x/z = if i > dimX = d+1. Indeed, we can use Lemma 
12.2.61 and the explicit version of the big de Rham-Witt complex for the affine space 
(Theorem |2~2~T2|) in order to conclude. The vanishing H d+1 (X, W s O, j x/z ) = is 
part of Theorem EX1 □ 
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4.1.15. Let X, Y be smooth projective schemes over R such that the assumptions 
of Theorem 13 . 3 . 1 1 are satisfied for X and Y. The multiplication 

RT(W s n* x/z ) x RT(W s n* Y/z ) -+ RT(W s n* XXRY/z ) 

induces a morphism in C R : 

(4.1.3) H dRW (X/R) ® Hi RW {Y/R) -> H*$ W (X x R Y/R). 

4.2. The tangent space functor. We have a functor of rigid (^-categories 

T : C R — > (projective finitely generated i?-modules) 

T(M(n)) := M {1} . 

Proposition 4.2.1. TTie functor T is conservative. 

Proof. It is sufficient to consider a morphism / : M — > N in C' R . We need to show 
that fs '■ Ms — > Ns is an isomorphism provided that /{i} is an isomorphism. We 
may choose a positive integer a and /?M,n, /3jv,n as in (|4.1.ip . By Lemma HH the 
morphism / commutes with /3 n . 

Let n := max{s | s G S 1 }; by induction we know that fx is an isomorphism for 
T = S\{n}. Since R is etale over Z or over Z( p ), we know that ker(Ws(i?) — > 
W T (i?)) = (K(l)) and thus M T = M s /F n (l)M s and iV T = N s /V n (l)N s . It 
suffices to show that 

(4.2.1) K(1)M S ^ V n (l)N s 

is an isomorphism. If fs(V n (l)x) — then n a ~ 1 V n (l)fs(x) = and therefore 
fin{f{i}(4>n(x))) = Pn4>nfs{x) vanishes. Since (3 n is injective, we conclude <fi n (x) = 
0, hence 

Q = [3 n <f> n {x) = n a - x V n {l)x, 

which implies V^(l)a; = 0. 

For the surjectivity of (|4.2. 1[) we note that, by induction, for every y £ Ns there 
is x £ M s with f s (x) -ye V n (l)N s . Therefore it suffices to show that V n (l) a N s 
is contained in the image of fs- Now, V n (l) a = n a ~ 1 V n (l) = /?„</>„ and thus 

V n (l) a y = fstfnfwMv))- 

□ 

Corollary 4.2.2. Let X,Y be smooth proper schemes over R such that the as- 
sumptions of Theorem VS. 3.1\ are satisfied for X and Y . If 

H dR (X/R) ® R H{ R {X/R) H2 R (X x R Y/R) 

i+j=n 

is an isomorphism then 

H\ RW {X/R) ® Hi RW {X/R) -> H n dRW (X x R Y/R) 

i+j—n 

(see (14.1. 3p ) is an isomorphism in C R . 
Proof. This is an application of Proposition 14 . 2 . 1] because 

T(H dRW (-/R))=H dR (-/R). 

□ 

Proposition 4.2.3. The functor T is faithful. 
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Proof. It is sufficient to consider a morphism / : M — > N in C' R . We need to show 
that fs ■ Ms — > Ns vanishes provided that /{i} is zero. We may choose a positive 
integer a and /3m,™, Pn,u as in (|4.I.lj) . By Lemma 14. 1. 41 the morphism / commutes 
with j3 n . 

Let n := max{s S S}; by induction we know that fr — for T — S\{n}. We 
know that ker(iV s -)■ N T ) = V n (l)N s , so that f s (x) = T4(l)y for all a; G Mg. 
Since 

= /{i} o <^„(a;) = <p n o / s (a:) = n • <p n (y), 
we conclude 4> n {y) = and n a_1 T4,(l)?/ = 0, hence /s(.x) =0. □ 

4.2.4. Our next goal is to show that cokernels exist for morphisms / in C R such 
that coker(T(/)) is projective (that is, torsion- free). 

The following proposition shows that a C^-module, where R is an etale Z( p j- 
algebra, is determined by the p-typical part, that is, on its values for truncation 
sets consisting of p-powers. 

Proposition 4.2.5. Let R be etale over 1*( p ). Let M,N be C' R -modules. 

(1) Via the equivalence of Corollary \1.0. 22\ 

M s *-> M (s/n)p . 

n>l,(n,p) — 1 

(2) If f ■ M -> N is a morphism in C' R then f s i-> n >i ) („ lP ) = i f(S/n) p via the 
equivalence Corollary M.0. 22] 

Proof. The proof of (1) is as in Proposition 11.0.211 First one proves that the 
projection t\Ms — > Ms p is an isomorphism (see Notation 11.0.201 for S p ). The 
second step is the isomorphism 

4> n : e n M s -> exM s/n , 

with %/0 n as inverse. 

Statement (2) is obvious. □ 

Proposition 4.2.6. Let R be an etale Q-algebra. Let M, N be C' R -modules. 

(1) Via the equivalence of Corollary \1.0. 24} 

n£S 

(2) If f : M N is a morphism in C' R then fs i— > ©„ e 5 f{i} vm the equiva- 
lence of Corollary \1.0. 24] 

Proof. Straightforward. □ 

Proposition 4.2.7 (Localization). Let R be an etale Z-algebra. Let p C R be a 
maximal ideal. The assignment 

[S i-> M s ] ^[S^ M s ®w s (R) W s (.Rp)] 
[S ^ f 8 ] ^[S^fs ®w s(fl .) W s (i? p )]. 
defines a functor C' R — > C' R ^ . 

Proof. This is an easy calculation. We set (p n = 4>M,n®F n and /?„ = @M, n ®Vn- ^ 
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In the obvious way it extends to a functor of rigid <8>-categories 

Cr — > Cr p ■ 
4.2.8. Existence of cokernels and kernels. 

Proposition 4.2.9. Let R be an Stale X-algebra. Let f : M — »■ N be a morphism 
in Cr such that coker(T(/)) is a projective R-module. Then coker(/) exists in Cr 
and T(coker(/)) = coker(T(/)). 

Proof. Without loss of generality we may assume that / G C' R . We may choose a 
positive integer a and /3m,™ , Pn,u as in (14.1.11) . By Lemma 14.1.41 the morphism / 
commutes with f3 n . 

We set Cs '■= coker(/s : Ms — > Ns) and we need to show that S Cs 
defines an object in C' R . The <fic,n and fic,n are induced and satisfy the equalities 
Pn 4>n = VnlVjn^ 1 and <f> n o f3 n = n a . 

As the next step we will show that 

(4.2.2) Wt(R) ®w s (ii) C s ->■ C T 

is an isomorphism for two finite truncation sets T C S. We can restrict ourselves 
to the case T — S\{n} for one element n 6 S. Since R is etale over Z we have 
V n {l)W s (R) = ker(W 5 (i?) -4 W T (R)) and we need to show 

C s /V n {l)C s A C T . 

Surjectivity is obvious. For the injectivity: let y S ATg be such that the projection 
yx in iVy is contained in /t(Mt), say tjt — f{xr)- Choose a lifting x G Ms of xt 
in order to obtain y - f(x) E kcr(7V s N T ) = V„(1)N S . 

The only property that is not obvious is that the Wg (ii)-module Cs is projective. 
Since Cs is finitely generated and Ws (R) is noetherian, it suffices to prove this after 
localizing at every maximal ideal m of Ws(i?). In view of Lemma 11.0.261 we may 
replace R by R p for a maximal ideal p in R. That is, we consider 

S h> C s ® Ws (i?) Wg(flp) = coker(M s <8> Ws (K) W s (i? P ) -> 7V S ®w s (ji) W s (i? P )). 
In view of Proposition 14.2.71 we know that S H> Ms ®w s (R) Ws(-Rp) and S H» 
N s ®w s (fl) W s (i? p ) are objects in C^. 

Set (p) = p (1 Z, by using Proposition 14.2.51 we can reduce to the case where S 
consists of p-powers. In this case Ws(i? p ) is a local ring (Lemma ll.0.27[) . We claim 
that there is a Ws(-R P )-basis vi,...,v s of Ms <8>w s (fl) Ws(-Rp) and a Ws(i? p )-basis 
a)i,...,Wf for iV s ® Ws (fl) Ws(i? p ) such that 



fs(Vi) = 




if i < r, 
if i > r, 



where r — rank(//n). Let us prove the claim by induction. The case S = {1} holds 
by assumption. 

For the case S = {l,p,p 2 , . . . ,p n } we know the existence of such two basis for 
S/p. Any liftings v\, . . . , v s resp. w\, . . . ,wt will form a basis for Ms®^ s (r) Ws(i? p ) 
resp. Ns <8>w s (-R) Ws(-Rp)- Obviously, we can take ?Si := fs(vi) for all i < r, and 
choose 5j, for j > r, such that 

(4.2.3) /s(«j)=V(l)Z)-Bjfc*fc- 

k>r 
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We want to show that the coefficients V p n(l)Bjk vanish. Let us denote by Vi the 
image of Vi in <&r We define the matrix A = (A,j) 6 Mat(s x s, Rp) by 

s 

(4.2.4) rt = 5>^fe)- 

Considered as element in Mat(s x s, Quot(i? p )) the matrix A is invertible. After 
applying f^ to (|4.2.4p we obtain for all i > r: 

= ^2 ^ij^p n (%) + P" X! X! ^y'-^p™ { B ik)<f>p™ (wk)- 

j<r k>r j>r 

The elements (<t>p™{wj))j form a Quot(i? p )-basis of A^j Quot(i? p ), hence 

(4.2.5) Ay =0 for i > r and j < r, 

(4.2.6) ^Fp^(Bjk) =0 for i > r and fc > r. 

j>r 

Condition (|4.2.5[) implies that 



A 



Ai ? 
A 2 



where Ai e Mat(r x r,R p ) and A 2 G Mat((s - r) x (s — r),i? p ), hence A 2 £ 
GL s _ r (Quot(i? p )). Therefore (|4.2.6|) implies F pn (B jk ) = for all j, k > r, and thus 
V p n(l)Bjk = 0. In view of (|4.2.3|) we are done. □ 

Corollary 4.2.10. Let R be an Stale 1-algebra. Let f : M —> N be a morphism in 
Cr such that coker(T(/)) is a projective R-module. Then ker(/) exists in Cr and 
T(ker(/)) = ker(T(/)). ' 

Proof. Follows from Proposition 14.2.91 by taking duals. □ 

4.2.11. For a morphism R — s> R 1 between etale Z-algebras we get an obvious 
functor of rigid (^-categories: 

(4.2.7) Cr^Cw. 

Definition 4.2.12. Let K be a number field and A its ring of integers. We define 
the category £k with objects Mjj e ob(C r (;y !C ) Spcc(A) )) where U C Spec(A) is a 
non-empty open that is etale over Spec(Z). The morphisms arc defined by 

Hom SK (Mu,N w ) := hm Hom Cr(Vi0sp ^^ )) (M £/ \ V ,N V , \ v ), 

$^VdUr\U' open 

where \v denotes the restriction functor (|4.2.7[) . 

By definition, £ k is a rigid (8>-category. 

Proposition 4.2.13. Let K be a number field. The category £k is an abelian rigid 
(^-category with End(l) = Q. The functor 

Tk ■ £k — ► (finite dimensional K -vector spaces) 

T K (Mu) = T(M V ) ®rfa,o Speo(A) ) K 

is a fibre functor. In particular, the category £q is a neutral tannakian category. 
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Proof. That £k is an abelian category follows from Proposition 14.2.91 Corollary 
14.2.101 and Proposition 14.2.11 In view of Proposition 14.2.31 the functor Tk is an 
exact faithful Cg>-functor. 

We still have to prove that End£ JC (l) = Q. Recall that A denotes the ring of 
integers of if; it is sufficient to show that 



for all b G B and all primes p. Indeed, W(-A[iV l ]) is a A-ring and in particular F p is 
a lifting of the absolute Frobenius: F p {b) G fe p + pW(A[N- 1 }). Because W^N" 1 ]) 
is p-torsion-free we get pW(A[N^ 1 ]) n B = pB, and the claim is proved. 

Set r — rank^jy- 1 ] (B); for all primes p such that B ®z Z( p ) is etale over Z( p ) 
we have B/pB = Yii=i ^pi which contradicts Chebotarev's density theorem unless 
r = 1. In the case r = 1 we obtain £? = Z[iV ]. □ 

4.2.14. Let if be a number field. For alH > we define a functor 

(smooth projective varieties over K) op — s> , X H> H^ RW (X/K), 

as follows. Let i? be a finite and etale ZfiV" 1 ] -algebra, for some iV ^ 0, such that 

• R®Q = K, 

• X — > Spec(if ) admits a model / : Y — > Spec(i?) with the following proper- 
ties: 

— / is smooth and projective, 

— the de Rham cohomology H^ R (X / R) is a projective i?-modulc. 
Such an R can always be found. In view of Proposition 14.1.121 and Definition 
14.1.131 we obtain an object H l dRW {Y/ R) in Cr. We denote the image in £k by 
H' l dRW (X / K). The independence of the choice of the model / : Y —> Spec(i?) 
is proved by comparing with another model /' : Y' — » Spec(i?') via a canonical 
isomorphism over a suitable localization R" . In the same way we can prove the 
functoriality. 

4.3. Poincare duality. 

Proposition 4.3.1. Let R be an Stale TL-algebra. Let X be a smooth projective 
scheme over R such that H dR (X / R) is a projective R-module. Suppose that X is 
connected, and set d = dim X — 1 . There is an isomorphism 



(4-2.8) End CA[jv _ 1] (l) = Z[iV- 1 ], 




H, 



-2d 
dRW 



(X/R)^H° dRW (X/R)®l(-d) 



and a natural morphism 



H; 



T RW (X/R) -> l(-d) 



in Cr. 
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Proof. 1. Step: Reduction to X/R geometrically integral. Set L = H°(X,Ox), L 
is a finite etale i?-algebra. It suffices to show the existence of an isomorphism 

(4.3.1) Hj d RW (X/L) A l(-d) 

in Cl such that 4>{i\ IS the trace map. From (|4.3.1|) we obtain in Cr: 

(4.3.2) Hf RW {X/R) A H° dRW (X/R) ® l(-d) ^ l(-d), 

with tr : H dRW {X/R) — >• 1 being defined by the usual trace map H® RW (X/R)s = 
Ws(L) —> Ws(R)- The morphism (14.3.21) is functorial because it induces the usual 
trace map after evaluation at {1}. Therefore we may assume R = L in the following. 
In particular, R is integral. 

2. Step: Reduction to a local statement. Set M := Hj RW (X/R). Let M®Q 6 Cq 
denote the object [S h- >• Mg ®z Q]. In view of Proposition 14.2.61 there is a unique 
morphism 

(j) : l(-d) -> A/® Q 

such that <^>.m(l) = Tr~ (1) 6 H dR {X/R). Since </> corresponds to a system [S H» 
</>s(l) =: ts], with T5 s Mg ® Q, it is sufficient to show that rs £ Mg (g) Z( p ) for 
all finite truncation sets and all primes p. If p is a unit of R then this is trivial, so 
that we may assume pR R. The uniqueness of <fi implies that it suffices to show 
the existence of a morphism 

(j) p : l{-d) -> M ®Z(p) 

in C^<g, z j such that (1) = Tr - (1). Moreover, we may define 4> p only on the 

p- typical part (Proposition I4.2.5|) . And we may pass from R to a localization R' 
such that R' <g> Z( p ) = R <g> Z( p j . 

3. Step: Construction of a multiple of the desired morphism. We fix a prime p 
with pR ^ R. After passing to a localization R' of R we may suppose that there 
exists a generically finite dominant morphism / : X — > P R . By using the explicit 
version of the de Rham-Witt complex for A-rings (Theorem l2.2.12j) it is not difficult 
to prove the existence of 

l(-d) ^ Hf RW {¥ d R /R) 

such that 1 H> Tr _1 (l) after evaluation at {1}. We have /*(Tr _1 (l)) = deg(/)Tr _1 (l), 
hence deg(/)r s e M s ® Z p for all S. 

4- Step: Final step. We set M p := Urn (M{i -T) p «-i} ® ft i s a f ree 

W / (i?<g)Z( p ))-module of rank 1, and we can find a basis e such that 7T{i}(e) = Tr _1 (l). 
We denote by Tqi} : M p — > H% R (X/R) ® Z( p ) the evident map. 

It follows from the third step of the proof that we have the element r p := 
(deg(/)rs)s S M p at our disposal. It satisfies <P p {t p ) — p d r p . 

Set R := Hm n i?/p™. Lemma E3T0] shows 

M p ®vy(^z (p)) = i? c 2 4 s (^ ®r (R/ P )/W(R/p)) ® WWp) W(R). 

We know that H^ ys (X ® R (R/p)/W(R/p)) = W(R/p)e' with <j) p (e') = p d e', and 
we get M p ® W {R®z ip) ) W(R) = W(R)e'. 

Write T' p = S-e' with 8 6 W(-R). Since F p (8) = 8, Lemma iH shows (5 = /t»(5') 
for (5' G ^((i?/^ 1 ' 015 - 1 ). Let us extend tt {1} to 

^{1} : M p ®w(Rm {p) ) W{R) Hf R {X/R) ® R R. 
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We obtain 

K{n( T p) = n {i}( 6 ' e ') = S ' ' ""{i}^')- 
Since 7T{i}(e') is a generator of H dR (X / R) ®r R, it follows that 8' — deg(/)<5" with 
5" e VK((i?/p) Frob ~ 1 ), hence 8 = deg(f) ■ p{8"). 

Finally, write r' p = A ■ e with A 6 W(R <g> Z (p) ), and e' = a ■ e with a G W(R). 
Obviously, A = deg{f)p(S")a. This implies p(S")a £ W(R <g> Z (p) ). Indeed, it's 
sufficient to show that the image of p{5")a in W n (R) is contained in W n (R®Z/ p )) 
for all n. And this follows from the fact that W n (i?(8)Z( p ) ) — !> T / K„(i?) is faithfully flat 
fLemma l3.3.2l Lemma ri.0.27p . The element p(8")a-e € M p solves our problem. □ 

Lemma 4.3.2. Let R be a etale *Z( p y algebra, set R := hm^ R/p n . The map 

WUR/pf 1 ^- 1 ) -> VK(i?0 Fp_1 

is bijective. 

Proof. We use the notation 

(i?/^)^ 013 - 1 = {i£ i2/p | Frob(x) = x}, 
WiR)^- 1 = {xe W(R) | F p (x) = x}. 

We have W(R/p) = R. The ring homomorphism p : R —> W(R) is induced by the 
lifting of the Frobenius a : R — > R, and satisfies F p o p — p o a. Therefore the map 
in the assertion is well-defined, we denote it by ry. 
It is easy to see that for all i > 0: 

gh p i o p{x) = lim gh i o F p (<r- n (x)) , 

where a~ n {x) is a lifting of cr~™(ir) via the map W(R) — > W(i?/p). The sequence 
^gr/ipi o jFJ* ^er _ "(z)^ converges p-adically. 

Since the ghost map gh is injective, it is evident that 

fl> : WiRf"- 1 -> W((ii/p) Erob - 1 ) ) 

induced by i? — > defines an inverse for 77. □ 

Corollary 4.3.3. Let R be an Stale TL-algebra. Let X — > Spec(i?) be a smooth 
projective morphism such that H* dR {X / R) is a projective R-module. Suppose that 
X is connected, set d := dim X — 1. If the canonical map 

(4.3.3) H\ R {X/R) -> Rom R (H 2 d d R l (X/R), R) 

is an isomorphism, then the same holds for the de Rham- Witt cohomology: 

(4.3.4) H dRW (X/R) ^ Uom(H 2 d d R J(X/R), l(-rf)). 

Proof. In view of Proposition 14.3. H and (14.1. 3p we get a morphism in Cr: 

H dRW (X/R) ® H 2d R ^(X/R) -> H 2d RW (X/R) -> l(-d) 
inducing (|4.3.4I) . Now, T (|4.3.4I) = (|4.3.3[) proves the claim. □ 
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